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VECTORS IN SCHOOL MATHEMATICS
JACEK JĘDRZEJEWSKI, TADEUSZ KOSTRZEWSKI

Abstract
Vectors have several meanings in the science. Mathematicians, physicists and other
scientists make use of the notion of a vector. The notions they make use of are different
in different subjects. Here we present different meanings of vectors and give some hints
how to understand them in different subjects of science.

1. Introduction
Vectors at school practice have several meanings. Mathematicians, physicists and other scientists make use of the notion of a vector. The notions
they make use of are different in different subjects. We shall present different
meanings of vectors and give some hints how to understand them in different
subjects of science. Since early 60th of previous century mathematical programs have been based on French ideas on teaching mathematics, precision
up to impossibility and trying to consider all mathematics as implication of
set theory.
2. Vectors at school
2.1. Vectors in physics. Vectors are considered by many fields of science.
Before mathematicians discussed vectors on the plane (space) physicists had
made use of some objects like vectors (last part of education, see [1]). They
needed some objects which could present some physical moves or forces.
Such objects should have something like the size, the direction and which
can be represented by an arrow (see [2], [3], [4] and [5]).
• Jacek Jędrzejewski — Jan Długosz University in Częstochowa.
• Tadeusz Kostrzewski — Jan Długosz University in Częstochowa.
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The first problem that has arisen from that kind of meaning is connected
with compositions of moves which are represented by sums of vectors. But
how to add two arrows? Of course these two arrows should have the same
point of their origins. In such case, as the sum of two vectors means the
diagonal of a parallelogram spanned by those two arrows.
When we want to enlarge the force that affects to a physical point we
should have to enlarge or diminish the size of a vector, then we can enlarge
or diminish the length of this vector with no change of the line which is
determined by its endpoints. In this kind when we want to change the
direction of the vector we have to set endpoints in their inverse direction.
This representation is quite good for description of physical moves, but
not good enough for mathematical theories. Mathematical ideas arise according to the need of some applications. But then they should be defined
with absolutely great precision.

2.2. Ordered pairs of points in a space. In the beginning of sixties of
the XX century the mode which came to Poland from France was beginning
the mathematics study from the most primitive notions. Set theory was
a foundation of it. In view of such starting point to whole mathematics
every mathematical notion had to have set theory in itself. That is why in
school practice one could find a vector as an ordered pair of points of the
plane or 3-dimensional space, see [4].
First let us remind the idea of ordered pairs on a plane or in 3 dimensional
space. To simplify the discussion let us assume that this space is endowed
with a coordinate system. Then each point from that space has 2 or 3
coordinates. It seems that each point P in the space can be identified with
the sequence of 2 or 3 of its coordinates.
By a vector in a space (we assume farther that we discuss vectors in 3dimensional space as it is the most natural) we understand an ordered pair
~ denotes the vector with first
of points from that space. Suppose that AB
point A and the end point B.
~
Now we can define the length of a vector AB:
It is the length of the
~ for which A 6= B is
segment AB. Hence the length of any vector AB
a positive number.
~ is called the opposite vector to the vector AB.
~ Of course
The vector BA
~
both of the vectors AB and BA have the same length.
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~ has the length equalled to zero. The
For each point A the vector AA
vector P~P for each point P in the space has coordinates equalled to zero
and is called zero vector.
And now the problem arises: how to operate on such objects like vectors
understood as ordered pairs. There is no idea how to add two ordered pairs,
which operation have fundamental properties for introducing the idea of
a vector. It is not obvious how to add two points in the space.
Therefore the idea of ordered pairs has to be changed.
2.3. Coordinates of a vector, equivalent vectors. If A = (a1 , a2 , a3 )
and B = (b1 , b2 , b3 ), then the sequence [b1 − a1 , b2 − a2 , b3 − a3 ] is called
~
coordinates of the vector AB.
Let us consider the relation ∼ among the vectors in the space. We say
~ and CD
~ are equivalent or equal (i.e. AB
~ ∼ CD)
~ if these
that vectors AB
vectors have the same coordinates. It is not difficult to state that this
relation is an equivalence relation, it means:
~ ∼ AB,
~
(1) AB
~
~ then CD
~ ∼ AB,
~
(2) if AB ∼ CD,
~ ∼ CD
~ and CD
~ ∼ EF
~ , then AB
~ ∼ EF
~ .
(3) if AB
This relation divides the set of all vectors into disjoint subsets. Each such
set consists of all equivalent vectors and each vector belongs to one of those
subsets (equivalence classes).
The set of all such classes is considered as the set of free vectors in spite
to the above considered vectors which are sometimes called located vectors.
Of course, each located vector from the same equivalence class has the
same length, all of them lay on the parallel straight lines and their arrows
are pointed to the same direction.
Sometimes we identify each free vector with its located vector for which
the beginning point lays in the origin of the coordinate system. The most
frequent use of free vectors make us to identify those vectors as the sequence
of its coordinates. Hence each such vector has the form:
~a = [a1 , a2 , a3 ].
Taking two vectors ~a, ~b and a real number γ we can define the sum of
those vectors and the product of the vector by a number: if ~a = [a1 , a2 , a3 ],
~b = [b1 , b2 , b3 ], then
~a + ~b = [a1 + b1 , a2 + b2 , a3 + b3 ],
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γ · ~a = [γ · a1 , γ · a2 , γ · a3 ].
The operations define a vector space (or linear space) over the field of real
numbers.
In such a way we have defined quite different space of vectors. For theory
of vector spaces see [2], [3] and [5].
The vectors of that space are (in fact) sequences of three numbers, so
they have no geometrical meaning. Moreover, we came to the question:
what the coordinate system means. It always make use of vectors, so where
one have to apply the idea of a vector. Then what does mean a vector?
Therefore we have come to some abstract idea.
2.4. Affine space. The vector space R3 , considered above, forms the objects which we call vectors. Points of a geometrical 3-dimensional space is
another set of objects. What are the connections between them?
By the affine 3-dimensional space we understand the set of some points,
say E, vector space R3 and a function ω : E × E −→ R3 , called an atlas
(a system of maps) such that

∀A∈E ∀~a∈R ∃B∈E (ω(A, B) = ~a) ,
∀A∈E ∀B∈E ∀C∈E (ω(A, B) + ω(B, C) = ω(A, C)) .
3

Therefore, the 3-dimensional Euclidean space consists of some set of
points E, a system of maps which assign some vector to each pair of points
from E. This euclidean space is quite different from the space we had considered at school.
Moreover, we have another problem. For introducing vectors (free vectors) we applied coordinate system. But the approach to that problem is
still not solved. Usually, we apply vectors to define a coordinate system.
How to avoid this difficulty?
First, let us notice that the sequence of vectors e~1 , e~2 and e~3 , where
e~1 = [1, 0, 0],

e~2 = [0, 1, 0],

e~3 = [0, 0, 1],

forms a base for the vector space R3 . If we add to this system of vectors
some point O in E, then the quadruple (O, e~1 , e~2 , e~3 ) is called the coordinate
system.
3. Conclusions
In this way we have come to that way:
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(1) First we have to introduce the two- and three-dimensional space R2
or R3 .
(2) Next, we have to consider affine space of points with respect to the
space R2 or R3 .
And we have done. Everybody can observe now that French way into
mathematics is a very special one and it is not the best way for school
mathematics. Bourbaki’s ideas of building the whole school mathematics
on set theory is not good for school children at any age.
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ANGLE – WHAT KINDS OF ANGLES WE MAKE USE OF
JACEK JĘDRZEJEWSKI, KATARZYNA TROCZKA-PAWELEC

Abstract
The idea of an angle has several meanings at school mathematics. We propose the
survey of different understandings of this notion with respect to the age of pupils, the
level of school. We discuss the difficulties in defining and understanding of the notion of
an angle. Of course, we discuss the topic with respect to Polish programmes of school
mathematics.

1. Introduction
The notion of an angle appears at the second educational level. The
pupils at this level are 9–11 years old. Before that time the pupils known
rather feel the notion of an angle. Every girl and every boy at this age
knows what angle means. They know what means at this angle or turn
a right angle at the next crossing. The children can draw a square and a
triangle and so on.
After they come to the second educational level they can (according to
governmental programmes), see [1]:
•
•
•
•
•
•

point a vertex and sides of an angle;
measure angles less than 180◦ with accuracy to 1◦ ;
draw angles which have measure less than 180◦ ;
recognize right angle, acute angle and obtuse one;
compare the angles;
recognize vertically opposite angles, supplementary angles and make
use of its properties.

In the next didactic level (secondary school), the pupil:
• Jacek Jędrzejewski — Jan Długosz University in Częstochowa.
• Katarzyna Troczka-Pawelec — Jan Długosz University in Częstochowa.
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• recognizes central angles;
• makes use of properties of angles and diagonals in rectangles, parallelograms, rhombuses and trapeziums;
• applies congruence principles of triangles;
• makes use of properties of similar right-angled triangles;
• recognizes perpendicular bisector of a segment and bisector of an
angle;
• can construct a bisector of a segment and bisector of an angle;
• can construct angles with measure of 60◦ , 30◦ , 45◦ ;
• can construct the circle ex-scribed on a triangle and a circle inscribed
in a triangle;
• recognizes regular polygons and makes use of their fundamental
properties.
In the last educational level (high school) one can find the following items
of governmental programme:
• definitions and values of sinus, cosine, tangent of the angles: from
0◦ up to 180◦ ;
• approximate values of trigonometric functions;
• relations between central angle and interior angle of a circle.
As we can see the survey of the topics on angles at school mathematics are
bound to considerations of plane angles, which we can describe as convex
angles.
If we want to come to consider angles on higher level of mathematics,
it is not enough to discus those kinds of angles. We can observe that the
notion of an angle has several meanings in mathematics. Even at school
mathematics, we can notice that the angles, we were discussed, are not
only geometrical figures i.e. subsets of a geometrical plane.
While considering geometrical transformations we need to see an angle
as a rotation with respect to a point. Moreover one can rotate a point in
one or the other direction. So we need directed angles. But what are such
angles like that are needed to describe rotations?
In mechanics and theory of electric engines. In such a case one can notice
that rotations in such machines are different from geometrical transformations of a plane.
In further considerations we shall treat angles as real numbers. Its origin
is dated when we wanted to measure angles applying a unit called radian,
which is discussed a bit later.
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This short survey of what an angle is, one can understand this notion
like:
•
•
•
•

angle as a part of a plane, i.e. geometrical figure;
directed angle, i.e. ordered pair of half-lines with a common vertex;
angle as a measure of a rotation;
generalized angle which measure is given by a real number.

We shall discuss the above mentioned types of angles in the following
sections.
2. Angle on a plane
First idea of an angle can be found at the first step of education. It is
intuitive idea of an angle which means that it is a part of a plane. There are
some complications in defining angles cause this kind of the notion depends
on difficult mathematical theory called topology.
Classical geometry on a plane makes us to consider geometrical objects
as subsets of a plane. Before we formulate the definition of an angle it is
necessary to recall some topological ideas.
Let us remind necessary definitions and properties of topology of the
plane [4] and [3].
Definition 1. A subset E of the plane is called open on a plane if for every
point of the set E has a circular neighbourhood contained in E.
Definition 2. By an open connected set we mean an open set which has no
representation as a union of two non-empty open sets.
If we consider topology of the plane, this definition can be reformulated
in the following way:
Theorem 1. An open subset E of the plane is connected iff every two points
of this set can be connected by a broken line contained in the set E.
According to those considerations, a plane, a half-plane, a disc and all
convex subsets are connected.
Definition 3. We say that a set E cuts a plane P if the set P \ E is not
connected.
The main property which is necessary to define an angle states as below:
Theorem 2. The union of two (if two, it means that it is not the one
considered twice) half-lines with a common vertex cuts the plane onto two
disjoint non-empty open and connected subsets.
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Definition 4. By an angle on a plane we understand a union of two halflines with a common vertex and one (open) part of the plane on which the
union of these half-lines cuts the plane. This part of the plane is called the
domain of the angle.
Geometrical angles can be measured, the most common scale of measuring angles is based on degrees. The right angle has 90◦ and other angles
have proportional measure. It is quite obvious that angles can have measure
between 0◦ and 360◦ . But there is neither angle with the measure 0◦ nor
360◦ . Geometrical ideas do not allow to consider such angle like zero angle
as well as full angle.
If we want to define zero angle or full angle we have to come to a different
idea of an angle.

3. Directed angle on a plane
The main disadvantage of an angle considered as subsets of the plane is
caused by impossibility to consider null angle (0◦ ) and full angle (360◦ ) see
[2].
One of the topics in mathematical education concerns to symmetry and
rotation, one can say, transformations of a plane. It is a topic on transformations of some figures, but in fact it is a transformation of a plane. It is
necessary to consider directed angles in defining such notion (rotation).
Both disadvantages can be repaired by introducing directed angles. But
in order to define directed angles it is necessary to introduce coordinate
system. Let us remind it then.
By a coordinate system on a plane we understand a pair of perpendicular
real lines which have their origins as a common point of the axes. Usually,
the first axis (the horizontal one) is denoted as Ox-axis, the second one (the
vertical axis) is denoted as Oy-axis. The Ox-axis is directed to the right,
the Oy-axis is directed upwards.
If we want to consider orientations of the whole coordinate system it is
possible to see the movement from Ox-axis to Oy-axis like the movement
of hands of a traditional clock or into the opposite direction. The first
direction is called negative orientation, the second direction is concerned as
a positive orientation of a coordinate system.
Now we are able to define directed angles.
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Definition 5. By a directed angle (on a plane) we mean an ordered pair of
half-lines which have a common vertex. Such an angle is denoted by ^(p, q),
where p and q are the sides of this angle.
Saying informally, a directed angle is meant as two half-lines with a common vertex for which one the half-lines is the first one. Of course, when
we have two half-lines it is possible to move the first half-line according to
positive orientation or into the opposite direction.
Let us consider first the case when two sides of a directed angle (p, q) are
different. Then the half-lines p and q have the common vertex and they cut
the plane forming a usual (i.e. from the previous section) angle. Such a
pair of half-lines forms 2 (geometrical) angles. If the interior of the angle is
taken with respect to orientation agreed with orientation of the coordinate
system then this angle is called to be positive. If the interior of the angle
is taken against to orientation of the coordinate system then this angle is
called to be negative.
By the measure of the angle ^(p, q) is meant the measure of this angle
considered as a geometrical angle if it is positive and if it is negative then
by the measure of ^(p, q) we mean minus measure of this angle considered
as a geometrical one.
And what does happen when one and the same half-line is the first and
the second side of an angle?
3.1. Null angle, full angle. Then an ordered pair can be consisted by one
and the same element. One half-line does not cut the plane. In this case
there is no interior of an angle or. . . the entire plane forms the interior of
an angle. Such a pair does not define a geometrical angle. In the first case
there is only one half-line on a plane – no angle. In the second case there
is no angle as well. Considering one half-line together with the rest of the
plane there is neither side nor vertex of an angle. It is (geometrically) the
entire plane. It is no angle as well.
If we take the empty set as the interior of the angle ^(p, p) then such
angle is called null angle. Its measure is taken to be 0◦ .
If we take the whole plane except the half-line p as the interior of the
angle ^(p, p) then such angle is called full angle. Its measure is taken to be
360◦ if it is positive and −360◦ if it is negative.
Right now we have come to the next problem. Ordered pairs of half-lines
are not sufficient to describe plane transformations called rotations. Several
directed angles can define the same rotation. The only condition which is
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important in such definition is the measure of the directed angle. So in fact
we should consider the set of all directed angles with the same measure as
the one angle. Thus we are forced to consider equivalence relation for which
equivalent angles have the same measure. In such a way we have come to
abstract theory. Such considerations are not present at Polish schools.
The reader is asked to find and read some books on equivalence relation
and theory of abstraction.
4. Generalized angle
4.1. Measure of a rotation. There is another need of considering other
kinds of angles. If we rotate a plane with respect to a point, the directed
angles are good enough. But it is possible to consider another rotations as
movements of a half-line with respect to its vertex. Even more, this time
we can rotate this half-line several times around the vertex. Of course, we
can rotate the half-line in the positive or negative direction.
The first case is concerned to the rotation of a plane (transformation of
a plane). The second possibility concerns to the movements of a half-line
with respect to its vertex several times in positive or negative direction.
Rotation concerned as plane transformation can be defined in the following way: The rotation on the angle α with respect to a point S is defined
as the transformation of the plane in which every point P of the plane is
transformed to the point P 0 such that
^P SP 0 = α.
In this relation the symbol ^P SP 0 denotes the directed angle between the
half-line SP → and the half-line SP 0→ .
Let us consider the second case.
Look at the second hand of traditional clock. Within one minute it will
turn a full angle (negative one this time) i.e. 360◦ . Within the next minute
it will turn another 360◦ . And so on. One can observe that the second hand
of a clock will rotate of x◦ . So this hand can turn on any real number of
degrees.
4.2. Angles in trigonometry. The angles measured by degrees are not
good enough for trigonometrical functions. It is much more convenient to
describe measure of angles by real numbers. To this purpose it is necessary
to define a better kind of measuring angles. First let us observe that the
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measure of an angle is proportional to the length of the arc of the unit circle
when the angle is considered as a central angle. More precisely:
Definition 6. A central angle of a unit circle has measure 1 (radian) if the
length of the arc of this circle cut by the angle equals 1.
If the arc of the unit circle cut by circled angle has the length x, then the
measure of this angle equals x.
In fact, this measure is without the name, cause it is also the quotient of
the length of an arc and radius of the circle.
Hence every (geometrical) angle has measure in the interval (0, 2π).
Every directed angle can have measure in the interval [0, 2π] and every
generalized angle can have any real number as its measure.
Thus considering trigonometrical functions sine and cosine we can define
them like real functions of a real variable. Of course functions tangent and
cotangent can be defined with some natural restrictions.
5. Final remarks
Summing up, we can observe that the notion of an angle depends on the
purpose we need to. In each of considered cases we call the defined objects
as angles, but which idea is the right one? Of course it depends on the
applications to which we have to use angles. The question that arises from
our considerations is like that: Is it necessary call all those objects by the
same name angle?
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TIME CALCULATIONS IN SCHOOL
MARCIN ZIÓŁKOWSKI, LIDIA STĘPIEŃ, MARCIN RYSZARD STĘPIEŃ

Abstract
In this article we want to present some simple method of doing time calculations
which is not often used by teachers and show that the discussed way does not have
to be difficult for students and is based on strict mathematical rules.
Keywords: theory of divisibility, equivalence class, time calculations

1. Introduction
Every day we face the problem of time calculations. We often calculate
when our train arrives at the terminal station or we want to know how much
time we will spend on the plane during the flight to the foreign country.
The life seems to be faster now, so we plan all our activities precisely,
calculating time very scrupulously. Simple time calculations appear mainly
at the first and second educational level and they are a big problem for both
students and teachers. At the first and the second educational level the
current core curriculum in mathematics [5] consists of contents connected
with simple time calculations. Such tasks can be very difficult for students
because time units are not based on decimal system so they cannot use
arithmetic algorithms and have to use completion methods instead as it is
shown in the following examples. Many books dedicated for students of
second educational level contain the presented technique [3-4].
Example 1. The train from Warsaw to Siedlce leaves at 12.45. What time
does the train arrive at the terminal station if the travel lasts one hour and
fifty-five minutes?
The solution in mathematical books for students is the following one:
12.45 (+1 h) → 13.45 (+15 min) → 14.00 (+40 min) → 14.40.
Marcin Ziółkowski — Jan Długosz University in Częstochowa.
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So the train arrives at Siedlce at 14.40.
Example 2. The bus leaves Zakopane at 21.45 and arrives at Warsaw at
9.10. How long does the journey take?
The solution:
21.45 (+2 h 15 min) → 24.00 (+9 h 10 min) → 9.10.
Then we have 2 h 15 min + 9 h 10 min = 11 h 25 min. So the journey
takes 11 hours and 25 minutes.
The above solutions seem to be very simple for students of early educational levels but the notation is longer than it has to be. On the other hand
the solutions can create the problems connected with completion mechanism of time calculations. It is obvious that in time calculations we use
addition and subtraction. The completion mechanism suggests that we use
only addition. The second problem is that the above notation is not mathematically correct. Of course, we can simply use addition and subtraction
to compute some exact time or time difference but it leads to the problems of exceeding real time intervals. It is the main reason why some of
the teachers do not want to teach time calculations this way. In the next
sections we show the method which is more intuitive and does not seem to
be more difficult for students. We also present the mathematical point of
view connected with the equivalence class concept.

2. Mathematical background
Let us consider the relation ρ ⊂ N2 × N2 given by the formula:
(h1 , m1 )ρ(h2 , m2 ) ⇔ ∃k,l∈Z (m1 − m2 = l · 60 ∧ h1 − h2 + l = k · 24) (1)
It is easy to show that the relation (1) is reflexive, symmetric and transitive so it divides the set N2 into equivalence classes [1].
Proof.
If we take k = l = 0, we notice that for every (h, m) we have (h, m)ρ(h, m),
which proves reflexivity. If we assume that (h1 , m1 )ρ(h2 , m2 ), then it is simple to show that we also have (h2 , m2 )ρ(h1 , m1 ) as m2 − m1 = −(m1 − m2 )
and h2 − h1 + l = −(h1 − h2 − l) so the relation is symmetric. The right
side of (1) can be rewritten as follows:
h1 − h2 +

m1 − m2
= 24 · k.
60

(2)
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We use this condition to prove that the relation is transitive. If we assume
that (h1 , m1 )ρ(h2 , m2 ) and (h2 , m2 )ρ(h3 , m3 ), then we obtain
m1 − m2
h1 − h2 +
= 24 · k1
60
m2 − m3
h2 − h3 +
= 24 · k2
60
Thus
m1 − m3
h1 − h3 +
= 24 · (k1 + k2 ).

60
We notice that the relation (1) lets introduce the equivalence between
time notations. For example notations 1.70, 0.130, 25.70 and 2.10 can be
understood as the different notations for the same time. It is also obvious
that for every equivalence class there exists a representative that does not
exceed the interval of real hours and minutes, i.e., h ∈ [0, 23] and m ∈ [0, 59],
respectively.
3. Time calculations
In this section we introduce two operations connected with addition and
subtraction that let solve time calculation tasks in easier way. These time
operations could be mathematically defined as follows:
(h1 , m1 )+(h2 , m2 ) = ((h1 +h2 +(m1 +m2 ) ÷ 60) % 24, (m1 +m2 ) % 60), (3)
(h1 , m1 )−(h2 , m2 ) = ((h1 −h2 +(m1 −m2 ) ÷ 60) % 24, (m1 −m2 ) % 60). (4)
Operations ÷ and %, the integer division and the modulo operation,
respectively, are the basic operations in the theory of divisibility (see [2] pp.
173). For example:
7 ÷ 3 = 2 and 7 % 3 = 1 as 7 = 2 · 3 + 1
−13 ÷ 5 = −3 and −13 % 5 = 2 as −13 = −3 · 5 + 2
The results of the operations (3) and (4) belong to the set N2 but also
do not exceed real time intervals. However, they are difficult for students
because of two division operations. We want to change calculations in such
a way that it would suffice to use only addition or subtraction operations.
It is possible because in life calculations the arguments do not exceed time
intervals so the division operations are not necessary. We do calculations
similarly to vector operations but we have to choose, during the calculation,
the proper representative of equivalence class that replaces the argument.
For example, in subtraction, if m1 < m2 , then we replace (h1 , m1 ) by
(h1 −1, m1 +60) and if h1 < h2 then we replace (h1 , m1 ) by (h1 +24, m1 ). In
addition, there is no problem with operations. Finally, we write the results
also choosing the proper representative. If m > 59, then we replace (h, m)
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by (h + 1, m − 60). If h > 23, we only have to replace (h, m) by (h − 24, m).
It is shown in the following examples:
3.40 + 4.50 = 7.90 = 8.30,
23.15 + 4.50 = 27.65 = 3.65 = 4.05,
12.10 − 3.30 = 11.70 − 3.30 = 8.40,
4.20 − 9.50 = 28.20 − 9.50 = 27.80 − 9.50 = 18.30.
This mechanism is very similar to the rational number calculations:
5
4
9
2
3 +2 =5 =6 ,
7
7
7
7
1
5
7
5
2
7 −2 =6 −2 =4 .
6
6
6
6
6
So, it is educationally advisable to take the opportunity to teach these
two skills at the similar time.
We also want to pay attention to the other problem. From the educational
point of view we should not use time notation that involves dots as we do
in this article. It may cause the problems connected with calculations in
the decimal system - especially the use of arithmetic algorithms can lead
to false results. So we should use the index notation which suggests the
students that they deal with a different mathematical construction.
Example 3. Mark went to the cinema on Saturday. The film started at
14.50 and lasted two hours and fifty minutes. When did it finish?
Solution 1 (false result):
14.50 + 2.50 = 17.00 (an arithmetic algorithm as 1450 + 250 = 1700),
Solution 2 (correct):
1450 + 250 = 16100 = 1740 .
Example 4. The concert ended at 17.05 and lasted three hours and fifty
minutes. When did it start?
Solution 1 (false result):
17.05 − 3.50 = 13.55 (an arithmetic algorithm as 1705 − 350 = 1355),
Solution 2 (correct):
1705 − 350 = 1665 − 350 = 1315 .
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4. Final remarks
In this article we offer an alternative method of performing time calculations which involves only addition and subtraction. It is obvious that
students have no problems with such operations at the first and the second
educational level, so this method is a possible alternative to the completion
methods. In addition, the completion methods have not good mathematical notation – so it is another reason to use the presented technique, especially if we work with talented students who take part in mathematical
competitions. Of course, students have to be properly prepared for such
calculations. But our technique seems to be more intuitive in some cases
(calculating a time difference we use a subtraction - not addition) and it is
based on some strict theoretical rules (hence the notation is mathematical).
Besides, we use similar techniques in other areas of mathematics (for example when dealing with rational numbers), so it is educationally reasonable
to take this calculation algorithm into account. The introduced technique
can be also used as an interesting and practical task for university students
who study equivalence class examples.
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ON ASSOCIATIVE RATIONAL FUNCTIONS WITH
MULTIPLICATIVE GENERATORS
KATARZYNA DOMAŃSKA

Abstract
We consider the class of rational functions defined by the formula
F (x, y) = ϕ−1 (ϕ(x)ϕ(y)),
where ϕ is a homographic function and we describe associative functions of the above form.

1. Motivation
The functional equation of the form
f (x + y) = F (f (x), f (y)),

x, y ∈ S

where F is an associative rational function and S is a group or a semigroup,
is called an addition formula. For the rational two-place real-valued function
F given by
F (x, y) = ϕ−1 (ϕ(x)ϕ(y)),
where ϕ is a homographic function (such F is called a function with a
multiplicative generator), the addition formula has the form
h(x + y) = h(x)h(y),

x, y ∈ S

where h := ϕ ◦ f and it is a conditional functional equation if the domain
of ϕ is not equal to R.
It seems worth considering which homographic functions ϕ make F of
the above form to be associative.
The following functions (with natural domains in question) are the only
associative members of the class F of rational functions of the form
a1 xy + a2 (x + y) + a3
F (x, y) =
,
a4 xy + a5 (x + y) + a6
where ai = 0 for at last one of i ∈ {1, ..., 6} (see [1]):
K. Domańska – Jan Długosz University in Częstochowa.
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F (x, y) =

F (x, y) =

x+y+β
αxy + αβ(x + y) + αβ 2 + 1

(1 + αβ)xy + α(x + y) +

α
β

βxy + x + y

F (x, y) =

αxy
xy + β(x + y) + β(β − α)

F (x, y) =

F (x, y) =

xy + α
x+y+β

αxy + x + y
βxy + 1

α ∈ R, β 6= 0;

,

,

α, β 6= 0;

α, β ∈ R;

,

,

α, β 6= 0;

,

α ∈ R, β 6= 0.

We examine which functions of the above form have a multiplicative
generator.
The following lemma will be useful in the sequel.
Lemma. Let A, B, C, D ∈ R be given and let AD 6= BC, C 6= 0. For ϕ
given by
ϕ(x) =

Ax + B
,
Cx + D

it holds
ϕ−1 (ϕ(x)ϕ(y)) =

(BC 2 − A2 D)xy − BD(A − C)(x + y) − BD(B − D)
.
AC(A − C)xy + AC(B − D)(x + y) + B 2 C − AD2

Proof. We have
ϕ(x)ϕ(y) =

A2 xy + AB(x + y) + B 2
C 2 xy + CD(x + y) + D2

and
ϕ−1 (x) =

−Dx + B
.
Cx − A

A simple calculation shows that the above equation holds true.
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2. Results
We proceed with a description of the class F of rational functions of the
form
a1 xy + a2 (x + y) + a3
F (x, y) =
a4 xy + a5 (x + y) + a6
(where ai = 0 for at last one of i ∈ {1, ..., 6}) with multiplicative generators.
The case of F being a polynomial is trivial, then in the light of Lemma,
we can consider only such homographies ϕ that A, C 6= 0 and (B − D)2 +
(C − A)2 6= 0.
Theorem 1. The following functions (with natural domains in question)
are the only associative members with multiplicative generators of the class
F:
xy
, a, b 6= 0;
(a − 1)bxy + a(x + y) + ab
xy − ab
F (x, y) =
, a, b ∈ R, a 6= b;
x+y+a+b

F (x, y) =

F (x, y) =
F (x, y) = −

(a + b)xy + x + y
1 − abxy

,

a, b 6= 0, a 6= b;

(a2 + ab + b2 )xy + (a + b)(x + y) + 1
(a2 b + ab2 )xy + ab(x + y)

F (x, y) = −

ab(x + y) + a2 b + ab2
xy + (a + b)(x + y) + a2 + ab + b2

,

,

a, b 6= 0, a 6= b;

a, b 6= 0, a 6= b.

Proof. Assume that F is associative and that it has a multiplicative generator
Ax + B
,
ϕ(x) =
Cx + D
where A, B, C, D ∈ R and AD 6= BC.
From Lemma, we get that
(BC 2 − A2 D)xy − BD(A − C)(x + y) − BD(B − D)
(?)
AC(A − C)xy + AC(B − D)(x + y) + B 2 C − AD2
First, assume that B = 0. If D = 0, then AD = BC, which contradicts
the assumption. Hence D 6= 0. Taking B = 0 in (?), we obtain
F (x, y) =

−A2 Dxy
−AC(C − A)xy − ACD(x + y) − AD2
xy
= C C
C
D
D ( A − 1)xy + A (x + y) + A

F (x, y) =
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Consequently, taking
a=

C
,
A

b=

C
,
D

we infer that
F (x, y) =

xy
(a − 1)bxy + a(x + y) +

a, b 6= 0.

,

a
b

Now, let D = 0. If B = 0 then AD = BC, which contradicts the assumption. Thus, B 6= 0. Taking D = 0 in (?), we have
BC 2 xy
AC(A − C)xy + ABC(x + y) + B 2 C
xy
= A
A
B
BC (A − C)xy + C (x + y) + C

F (x, y) =

Consequently, taking
a=

A
,
C

b=

A
,
B

we infer that
F (x, y) =

xy
(a − 1)bxy + a(x + y) +

a, b 6= 0.

,

a
b

In case A = C, we have B 6= D and, by means of (?), we obtain
F (x, y) =
=
with a 6= b, a =

(BC 2 − A2 D)xy + BD(D − B)
AC(B − D)(x + y) + B 2 C − AD2
(B − D)xy +
(B − D)(x + y)

B
A,b

=

BD
(D − B)
A2
+ (B 2 − D2 ) A1

=

xy − ab
x+y+a+b

D
A.

In case B = D, we have A 6= C and again, by means of (?), we infer that
F (x, y) =
=
with a 6= b, a =

(BC 2 − A2 D)xy + BD(C − A)(x + y)
AC(A − C)xy + B 2 C − AD2
(C 2 − A2 ) B1 xy + (C − A)(x + y)
A
−B

C
B (C

·

A
B,b

=

C
B.

− A)(x + y) + C − A

=

(a + b)xy + x + y
1 − abxy
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Now, assume that A, B, C, D 6= 0, A 6= C, B 6= D. Let B 2 C − AD2 = 0.
Applying this to (?), we have




4 2
2
BC 2 − BDC4 D xy + BD C − BD2C (x + y) + BD(D − B)


F (x, y) =
=
B2C 2 B2C
B2C 2
− C xy + D2 (B − D)(x + y)
D2
D2
2
2
C 2 (D3 −B 3 )
xy + CD D D−B
(x + y) + D(D − B)
2
D3
=
3
2
2
2
BC B −D
BC
xy
+
(B
−
D)(x
+
y)
2
2
2
D
D
D
C
C2
2
2
3 (D + BD + B )xy + D (C + D)(x + y) + D
=
−D
2
3
BC
· B+D
xy + BC
(x + y)
D2
D2
D2



C2
D2

−




C
BC
+
+
xy + D + D2 (x + y) + 1


=
B2C 3
BC 3
BC 2
+ D4 xy + D3 (x + y)
D5
BC 2
D3

−
BC
,b
D2

where a =

B2C 2
D4

(a2 + ab + b2 )xy + (a + b)(x + y) + 1
,
(a2 b + ab2 )xy + ab(x + y)
=

C
D.

Obviously a 6= b.

At last, assume that BC 2 − A2 D = 0 and A, B, C, D 6= 0, A 6= C, B =
6 D.
Applying this in (?), we obtain


B2C 2
B2C 2
C2
(C
−
A)(x
+
y)
+
B
−
1
A2
A2
A2
F (x, y) =
2
4 =
AC(A − C)xy + ABC(1 − C
)(x + y) + B 2 C − AB 2 C
A2
A4
−

B2C
(C
A2

A(C − A)xy +
−

−

BC
A2

−
BC
,b
A2

− A2 )

− A2 )(x + y) +

B2
(C 3
A3

B3C
A4 (A+C)
B2
2
+B
A (A + C)(x + y) + A3 (A + AC
3
B3C 2
B2C
+ BA4C
3 (x + y) +
A5
 A


xy +

with a =

B
2
A (C

B2C
(x
A2

Axy

B3C
(C 2
A4

− A)(x + y) +

=

+

B
A

+ y) +

(x + y) +

B2
A2

+

B2C
A3

+

+ C 2)

It is clear that a 6= b.

=

=
B2C 2
A4

ab(x + y) + a2 b + ab2
xy + (a + b)(x + y) + a2 + ab + b2

B
A.

− A3 )

=
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It is easy to check (see Theorem 2 or Theorem 1 in [1]) that each of the
functions above yields to a rational associative function. Thus, the proof
has been completed.

Now, we determine homographic functions ϕ which by means of the formula
F (x, y) = ϕ−1 (ϕ(x)ϕ(y))
(??)
lead to associative functions F .
Theorem 2. For the following homographic functions (with natural domains in question) we obtain by (??) rational associative functions with a
multiplicative generators:
1
cx
ϕ(x) = ·
d cx + 1
ϕ(x) =

x+a
x+b

ϕ(x) =

ax + 1
bx + 1

ϕ(x) =

a ax + 1
·
b bx + 1

a x+a
·
,
b x+b
where a 6= b and a, b, c, d ∈ R \ {0} are arbitrary constants.
ϕ(x) =

Proof. It is easy to check that each of the functions above is a generator of
the rational associative function. Moreover, they generate
F (x, y) =

xy
(d − 1)cxy + d(x + y) +

F (x, y) =
F (x, y) =

F (x, y) = −

xy − ab
x+y+a+b

(a + b)xy + x + y
1 − abxy

d
c

,

a, b 6= 0;

a, b ∈ R, a 6= b;

,
,

a, b 6= 0, a 6= b;

(a2 + ab + b2 )xy + (a + b)(x + y) + 1
(a2 b + ab2 )xy + ab(x + y)

,

a, b 6= 0;

ab(x + y) + a2 b + ab2
, a, b 6= 0,
xy + (a + b)(x + y) + a2 + ab + b2
respectively. Thus, according to Theorem 1, the proof is completed.
F (x, y) −



ON ASSOCIATIVE RATIONAL FUNCTIONS

37

Notice that for any homography ϕ the following equality is fullfiled:
ϕ−1 (ϕ(x)ϕ(y)) = ϕ̆−1 (ϕ̆(x)ϕ̆(y)),
where ϕ̆ =

1
ϕ.

At last, let us observe that
F (x, y) =

xy
(a − 1)bxy + a(x + y) +

is of the form

a
b

,

a, b 6= 0

αxy
xy + β(x + y) + β(β − α)
in case a 6= 1 and of the form

F (x, y) =
with α =

1
(a−1)b , β

=

a
(a−1)b

F (x, y) =

xy + α
x+y+β

with α = 0, β = 1b , otherwise, i.e. a = 1.
The rational function
xy − ab
F (x, y) =
, a, b ∈ R, a 6= b
x+y+a+b
can be written in the form
xy + α
.
F (x, y) =
x+y+β
It is clear that
F (x, y) =

(a + b)xy + x + y
1 − abxy

is of the form
F (x, y) =

,

a, b 6= 0, a 6= b

αxy + x + y
.
βxy + 1

Further,
F (x, y) = −

(a2 + ab + b2 )xy + (a + b)(x + y) + 1
(a2 b + ab2 )xy + ab(x + y)

is of the form
F (x, y) =

with α =

− a+b
ab , β

(1 + αβ)xy + α(x + y) +

βxy + x + y
= a + b if a + b 6= 0 and of the form
F (x, y) =

with α =

1
,β
a2

xy + α
x+y+β

= 0, otherwise, i.e. a + b = 0.

,
α
β

a, b 6= 0, a 6= b
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Finally,
F (x, y) = −

ab(x + y) + a2 b + ab2
xy + (a + b)(x + y) + a2 + ab + b2

,

a, b 6= 0, a 6= b

is of the form

x+y+β
αxy + αβ(x + y) + αβ 2 + 1
1
with α = − ab , β = a + b if a + b 6= 0 and of the form
αxy + x + y
F (x, y) =
βxy + 1
F (x, y) =

with α = 0, β = a12 , otherwise, i.e. a + b = 0.
Associative rational functions with an additive generator are described
in [2].
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SOME DUAL LOGIC WITHOUT TAUTOLOGIES
ANETTA GÓRNICKA, ARKADIUSZ BRYLL

Abstract
On this paper we consider a logic dual to the logic CRA and prove that it does not
contain tautologies.

1. Introduction
We consider a logic with the strongly adequate dual matrix and the empty
set of tautologies. In a logic without tautologies there are no axioms, thus
all theorems are proved on the base of some premisses with the use of fixed
inference rules. In our approach a logic will be identified with a structural
consequence operation 1.
Let S be a set of formulas of a propositional language.
A function C mapping 2S into 2S is a consequence if it fulfills the following
conditions:
(1)

X ⊆ C(X),

(2)

X ⊆ Y ⇒ C(X) ⊆ C(Y ),
C(C(X)) ⊆ C(X),

(3)
for X, Y ∈

2S .

Then,
C(X ∪ C(Y )) = C(X ∪ Y ).

(4)

The consequence dual to a consequence C, denoted by dC, is defined as
follows [11]:
Definition 1.
α ∈ dC(X) ⇔ ∃Y (Y ⊆ X ∧ card(Y ) < ℵ0 ∧

\
{C({β}) : β ∈ Y ⊆ C({α})},

for any α ∈ S and any X ⊆ S.
1

Terms of a logic and a consequence will be used interchangeably
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The dual consequence dC has, among others, the following properties [2]:
Lemma 1. a
For α, β ∈ S:
a. β ∈ dC({α}) ⇔ α ∈ C({β}),
b. dC(∅) = {γ : C({γ}) = S}.
Therefore,
Corollary 1. γ ∈
/ dC(∅) ⇔ C({γ}) 6= S.
With every propositional language J = (S, F), where F is a set of logical
operators, we can associate an algebra A = (U, f) similar to J. By distinguishing in A a subset V (∅ =
6 V ⊂ U ), which we call the set of distinguished
values, we obtain a logical matrix corresponding to the language J:
M = (U, V, f).
The dual matrix to the matrix M is defined by
Md = (U, U − V, f).
Matrices M i Md differ only with respect to the set of distinguished
values.
A consequence can be given by means of a set of rules R (rule consequence
CR ) or by means of a logical matrix M (matrix consequence CM ). Here
are the definitions:
Definition 2. α ∈ CR (X) ⇔ (there exists a proof of α based on X and
R),
(X ∪ {α} ⊆ S).
Definition 3. α ∈ CM (X) ⇔ ∀h∈Hom [h(X) ⊆ V ⇒ h(α) ∈ V ],
where Hom denotes the set of all homomorphisms of J into A.
Both CR and CM fulfill the conditions of a consequence. Moreover, CR
is a finitistic consequence.
Let E(M) denote the content of a matrix M, i.e. the set of all its tautologies:
(5)

E(M) = {α ∈ S : ∀h∈Hom (h(α) ∈ V )}.

By the definition
(6)

E(M) = CM (∅).

If CM (∅) = ∅, then M does not contain any tautologies.
A logical matrix M is said to be strongly adequate for a logic C if C(X) =
CM (X) for every X ⊆ S.
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Let T be a binary functor on S. We generalize T in the following way:
Definition 4. a
a. T(α) = α,
b. T(α, β) = Tαβ,
c. T(α1 , . . . , αn , αn+1 ) = T(T(α1 , . . . , αn ), αn+1 ).
It is easy to prove by means of induction the following facts.
Lemma 2. a
a. If a consequence C has, with regard to a functor T, the property
C({Tαβ}) = C({α, β}),
then
C({T(α1 , . . . , αn )}) = C{α1 , . . . , αn }).
b. If a consequence C has, with regard to a functor T, the property
C({Tαβ}) = C({α}) ∩ C({β}),
then
C({T(α1 , . . . , αn )}) =

n
\

C({αi }).

i=1

In our further considerations we apply the well known Lindenbaum Theorem [10]:
Theorem 1. For every α ∈ S and X ⊆ S
α∈
/ C(X) ⇒ ∃Y ⊆S (C(Y ) = Y ∧ α ∈
/ Y ∧ ∀β ∈Y
/ (α ∈ C(Y ∪ {β}))).
The set Y fulfilling the above condition is called a relatively maximal
supersystem of X with regard to α. For every α ∈
/ C(X) there can exist
many different relatively maximal supersystems of X. The set of all such
supersystems shall be denoted by LαX .
2. Main results
In [7] the logic CRA with the functor A of the alternative is considered.
This logic is based on the set RA = {r1 , r2 , r3 , r4 } of inference rules, where
α
Aαα
Aαβ
AAαβγ
r1 :
, r2 :
, r3 :
, r4 :
.
Aαβ
α
Aβα
AαAβγ
The matrix
Ma = ({0, 1}, {1}, {a}),
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where a(x, y) = max(x, y),
logic CRA .
It is proven in [7] that

x, y ∈ {0, 1}, is strongly adequate for the

Theorem 2. CRA (X) = CMa (X) for every X ⊆ S.
The logic CRA does not contain tautologies since
CRA (∅) = CMa (∅) = E(Ma ) = ∅

(7)

The equality E(Ma ) = ∅ results from the fact that for any formula α the
homomorphism h0 assigning to all propositional variables the value 0 fulfills
the condition h(α) = 0. Therefore, it is not true that ∀h∈Hom h(α) = 1.
In [7] it is also proven that
Lemma 3. For every X ⊆ S and all α, β ∈ S
CRA (X ∪ {α}) ∩ CRA (X ∪ {β}) ⊆ CRA (X ∪ {Aαβ}).
Applying the rules r1 i r3 one can show that
Lemma 4. For every X ⊆ S and all α, β ∈ S
CRA (X ∪ {Aαβ}) ⊆ CRA (X ∪ {α}) ∩ CRA (X ∪ {β}).
Proof. By means of r1 we obtain Aαβ ∈ CRA (α) and Aβα ∈ CRA (β).
Applying r3 we get Aαβ ∈ CRA ({Aβα}). By monotonicity of CRA we have
CRA ({Aαβ}) ⊆ CRA ({β}). Then Aαβ ∈ CRA ({β}. By the property (4) of
a consequence, CRA (X ∪ {Aαβ}) ⊆ CRA (X ∪ CRA ({α})) = CRA (X ∪ {α}).
Similarly CRA (X ∪ {Aαβ}) ⊆ CRA (X ∪ CRA ({β})) = CRA (X ∪ {β}). Thus

CRA (X ∪ {Aαβ}) ⊆ CRA (X ∪ {α}) ∩ CRA (X ∪ {β}).
From the above Lemmas we conclude that
Theorem 3. For every X ⊆ S and all α, β ∈ S
CRA (X ∪ {Aαβ}) = CRA (X ∪ {α}) ∩ CRA (X ∪ {β}).
Therefore,
Corollary 2. For all α, β ∈ S
CRA ({Aαβ}) = CRA ({α}) ∩ CRA ({β}).
Let us consider the consequence CRd based on the following set of inferA
ence rules:
Aαβ d α, β
RAd = {r1d , r2d }, where r1d :
,r :
.
α, β 2 Aαβ
The above rules express the classical property of the alternative: the
alternative is false if and only if both its components are false. It is clear
that the consequence CRd has the following property:
A
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Lemma 5. For every X ⊆ S and for all α, β ∈ S
CRd (X ∪ {Aαβ}) = CRd (X ∪ {α, β}).
A

A

Therefore,
Corollary 3. For all α, β ∈ S
CRd ({Aαβ}) = CRd ({α, β}).
A

A

The matrix consequence CMda with a matrice Mda = ({0, 1}, {0}, {a}}
dual with respect to the matrix Ma is defined as follows:
Definition 5. For every α ∈ S
α ∈ CMda (X) ⇔ ∀h∈Hom (h(X) ⊆ {0} ⇒ h(α) = 0),
where Hom is the set of all homomorphisms, i.e., functions h : S −→ {0, 1}
such that
h(Aαβ) = a(h(α, β)).
The set of tautologies of the matrix Mda is empty, i.e.
E(Mda ) = CMda (∅) = ∅.

(8)

It results from the fact that for the homomorphism h assigning to all propositional variables the value 1 we have h(α) = 1 for any α.
Let us notice that the set CMda (X) is closed with regard to the rules from
d , i.e.
RA
CRd (CMda (X)) ⊆ CMda (X),

(9)

A

X ⊆ S.

We show that the matrix Mda is strongly adequate for the logic CRd :
A

Theorem 4. CRd (X) = CMda (X), for every X ⊆ S.
A

Proof. The inclusion CRd (X) ⊆ CMda (X) results from (9) since CRd (X) ⊆
A
A
CRd (CMda (X)) ⊆ CMda (X).
A
To prove CMda (X) ⊆ CRd (X) let us assume that α ∈
/ CRd (X). By Theorem
A
A
α
1, there exists a set Y0 ∈ LX such that
(10)

X ⊆ Y0 ,

(11)

CRd (Y0 ) = Y0 ,

(12)

α∈
/ Y0 ,

(13)

∀β ∈Y
/ 0 (α ∈ CRd (Y0 ∪ {β})).

A

A
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According to Lemma 5 and property (11), we have
Aβγ ∈ Y0 ⇔ (β ∈ Y0 ∧ γ ∈ Y0 ).

(14)

Indeed, for any β, γ ∈ S we get:
Aβγ ∈ Y0 ⇒ Y0 ∪ {Aβγ} = Y0 ⇒ CRd (Y0 ∪ {Aβγ}) = CRd (Y0 ) = Y0 =
A
A
CRd (Y0 ∪ {β, γ}). As β, γ ∈ CRd (Y0 ∪ {β, γ}) = Y0 , so β, γ ∈ Y0 . Therefore,
A
A
β, γ ∈ Y0 ⇒ Y0 ∪ {β, γ} = Y0 ⇒ CRd (Y0 ∪ {β, γ}) = CRd (Y0 ) = Y0 =
A
A
CRd (Y0 ∪ {Aβγ}). Since Aβγ ∈ CRd (Y0 ∪ {Aβγ}) = Y0 , then Aβγ ∈ Y0 .
A
A
We can consider the following homomorphism hY0 : S −→ {0, 1} based on
the set Y0 :

0, gdy α ∈ Y0
(15)
hY0 (α) =
1, gdy α ∈
/ Y0 .
We show that hY0 is a homomorphism. By (14) i (15) we get:
hY0 (Aβγ) = 0 ⇔ Aβγ ∈ Y0 ⇔ β, γ ∈ Y0 ⇔ hY0 (β) = 0 ∧ hY0 (γ) = 0 ⇔
a(hY0 (β), hY0 (γ)) = 0;
hY0 (Aβγ) = 1 ⇔ Aβγ ∈
/ Y0 ⇔ β ∈
/ Y0 ∨ γ ∈
/ Y0 ⇔ hY0 (β) = 1 ∨ hY0 (γ) =
1 ⇔ a(hY0 (β), hY0 (γ)) = 1.
Thus,
hY0 (Aβγ) = a(hY0 (β), hY0 (γ)).

(16)

According to (10), hY0 (X) ⊆ hY0 (Y0 ) for any X ⊆ S. As hY0 (Y0 ) = {hY0 (δ) :
δ ∈ Y0 } = {0}, then hY0 (X) ⊆ {0}.
By (12) we have hY0 (α) = 1. Then, ∃h∈Hom (h(X) ⊆ {0} ∧ h(α) = 1) and,
by Definition 5, we obtain α ∈
/ CMda (X). Therefore, CMda (X) ⊆ CRd (X)
A
and having CRd (X) ⊆ CMda (X) we get CRd = CMda .

A

A

3. Final remarks
We show that the logic CRd is dual to the logic CRA (in the sense of
A
Definition 1).
First, we prove by means of induction (with respect on the complexity of
formulas) that
Lemma 6. dCRA (∅) = ∅.
Proof. If α is a variable, then CRA ({α}) 6= S, because we cannot get (by
means of the rules from RA ) any formula from S starting from a single
propositional variable.
Assume inductively that CRA ({α1 }) 6= S i CRA ({α2 }) 6= S holds for formulas α1 , α2 . Then, by Corollary 2, regarding the formula Aα1 α2 we get
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CRA ({Aα1 α2 }) = CRA ({α1 }) ∩ CRA ({α2 }) 6= S. Then, according to Corollary 1, we have CRA ({γ}) 6= S for any γ ∈ S and then γ ∈
/ dCRd (∅), so
A
dCRA (∅) = ∅.

From Theorem 4 and property (8), we have CRd (∅) = ∅, then, by Lemma
A

6:
Lemma 7. dCRA (∅) = CRd (∅).
A

Now, we prove
Lemma 8. If α ∈ CRd (X), then α ∈ dCRA (X) for any X ⊆ S.
A

Proof. Let α ∈ CRd (X). Since CRd is a finitary consequence, then there
A
A
exists a finite subset Y0 of the setX such that α ∈ CRd (Y0 ). Let us notice
A
that Y1 6= ∅. Indeed, if Y1 = ∅, then α ∈ CRd (∅) and as CRd (∅) = ∅,
A
A
we get α ∈ ∅, which leads to a contradiction. Thus, let us assume Y0 =
{β1 , . . . , βn }. By Corollary 3 and Lemma 2a., we obtain
α ∈ CRd ({β1 , . . . , βn }) = CRd ({A(β1 , . . . , βn )}).
A

A

Then, by Theorem 4, α ∈ CMda ({A(β1 , . . . , βn )}), so
∀h∈Hom (h(A(β1 , . . . , βn )) = 0 ⇒ h(α) = 0).
We get ∀h∈Hom (h(α) = 1 ⇒ h(A(β1 , . . . , βn ) = 1), then A(β1 , . . . , βn ) ∈
CMa ({α}) = CRA ({α}), hence, by Corollary 2 and Lemma 2b we conclude
that
\
{CRA ({β}) : β ∈ Y0 } ⊆ CRA ({α}).
Therefore,
∃Y (Y ⊆ X ∧ card(Y ) < ℵ0 ∧

\
{CRA ({β}) : β ∈ Y ⊆ CRA ({α})).

According to Definition 1, we get α ∈ dCRA (X).

Lemma 9. If X 6= ∅, then dCRA (X) ⊆ CRd (X)) for every X ⊆ S.
A

Proof. Let X 6= ∅ and let us suppose α ∈ dCRA (X). By Definition 1, there
exists a set Y0 such that
\
Y ⊆ X ∧ card(Y ) < ℵ0 ∧ {CRA ({β}) : β ∈ Y ⊆ CRA ({α})}.
Let us consider two cases:
Y0 = ∅ or Y0 6= ∅.
T
Let Y0 = ∅, then {CRA ({β}) : β ∈ ∅} = S. Therefore, CRA (α) = S
and ∀γ∈S (γ ∈ CRA ({α}). According to our assumption X 6= ∅, there is
γ1 ∈ X, hence γ1 ∈ S. Therefore γ1 ∈ CRA ({α}) = CMa ({α}). By Definition
of the matrix consequence we have ∀h∈Hom (h(α) = 1 ⇒ h(γ1 ) = 1), so
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∀h∈Hom (h(γ1 ) = 0 ⇒ h(α) = 0), hence α ∈ CMda ({γ1 }) = CRd ({γ1 }).
A
However, CRd ({γ1 }) ⊆ CRd (X), then α ∈ CRd (X).
A
A
A
If
Y
=
{β
,
.
.
.
,
β
},
then,
by
Corollary
2
and
Lemma 2b, we obtain that
0
1
n
T
{CRA ({β}) : β ∈ Y1 } = CRA ({A(β1 , . . . , βn )}, so CRA ({A(β1 , . . . , βn )}) ⊆
CRA ({α}), and hence A(β1 , . . . , βn ) ∈ CRA ({α}) = CMa ({α}). Therefore,
∀h∈Hom (h(α) = 1 ⇒ h(A(β1 , . . . , βn ) = 1), so ∀h∈Hom (h(A(β1 , . . . , βn ) =
0 ⇒ h(α) = 0). Then, α ∈ CMda ({A(β1 , . . . , βn )}) = CRd ({A(β1 , . . . , βn )}),
A
hence, according to Corollary 3, α ∈ CRd (Y0 ). Since Y0 ⊆ X, we get α ∈
A
CRd (Y0 ) ⊆ CRd (X), hence α ∈ CRd (X).
A
A
A
Then, we have proved that in both cases dCRA (X) ⊆ CRd (X) for every
A
X 6= ∅.

According to Lemmas 8, 9 i 10 we obtain
Theorem 5.
CRd = dCRA .
A

It means that the logic CRd is dual with respect to the logic CRA . It does
A
not contain tautologies, neither. According to Theorem 4 we can conclude
that the logic CRd is de facto a conjuctional logic expressed by means of
A
the operator A. To notice this fact it is enough to look closely at the rules
r1d and r2d from Rad .
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SPARINGLY GLUED TOLERANCES

ANETTA GÓRNICKA, JOANNA GRYGIEL, IWONA TYRALA

Abstract
We introduce the notion of sparingly glued tolerances for lattices and then count
their numbers in case of nite chains. We also estimate the density of sparingly
glued tolerances among all glued tolerances on nite chains.

1.

Introduction

The notion of congruence is one of the basic notions in Universal Algebra.
Given an algebraic structure A, an equivalence relation on the universum
of the structure compatible with all operations of the structure is called a
congruence of A. The set of all congruences of A is denoted by Con(A) and
it forms an algebraic lattice (with the inclusion as the standard order).
The notion of tolerance is a natural generalization of the notion of congruence. It was introduced by Chajda and Zelinka ([4]) and it is in the focus
of current interest (see [10], [6], [12]) as an important tool. In Lattice Theory tolerances are indispensable in several constructions,(e.g. Hall-Dilworth
gluings, Wro«ski sums [11]) or decompositions (e.g. atlas decomposition,
Herrmann decomposition [9]) of lattices. A tolerance relation of an algebraic structure A is a reexive and symmetric relation compatible with all
operations of A. All tolerances of a structure A, ordered by inclusion, also
form an algebraic lattice denoted by Tol(A) ([3]). Although the set of all
congruences of A is a subset of the set of its tolerances, Con(A) need not
be a sublattice of Tol(A).
Let T ∈ Tol(A) and X ⊆ A, X 6= ∅. If every two elements of X are in the
relation T , then we call X a preblock of T . Blocks are maximal preblocks
(with respect to inclusion). It is easy to observe that in the case when T
is a congruence, blocks coincide with congruence classes of T , which means
that they are pairwise disjoint. On the other hand, T ∈ Tol(A) \ Con(A)
i there are two overlapping blocks of T .
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In this paper we deal only with nite lattices. In this case blocks of a
tolerance T ∈ Tol(L) of a nite lattice L are intervals of L ([2]). Therefore,
if α is a block of T , then we use the notation α = [0α , 1α ]. It means that
any tolerance T ∈ Tol(L) of a nite lattice L can be represented by the
system of its blocks.
The following result from [7] gives a very ecient characterization of the
collection of tolerance blocks in the case of nite lattices.

For a nite lattice L, let C be a collection of nonempty subsets
of L. Then C is the set of all blocks of some tolerance of L i C is of the
form {[aγ , bγ ] : γ ∈ Γ}, where [aγ , bγ ] are intervals of L and the following
conditions are satised:
S
(i) γ∈Γ [aγ , bγ ] = L;
(ii) for any γ, δ ∈ Γ, aγ = aδ is equivalent to bγ = bδ ;
(iii) for any γ, δ ∈ Γ, there exists a µ ∈ Γ such that aµ = aγ ∨ aδ and
bµ ≥ bγ ∨ bδ .

Lemma 1.

2.

Characterisation

Let us notice that in case if L is a nite chain, the collection C of nonempty
intervals of L is the set of all blocks of some tolerance of L i they cover L
and none of the intervals is included in any other. Thus,
Corollary 2.

(1) A collection C of subsets of the chain Ln = h{0, . . . , n − 1}, ≤i is the
set of all blocks of some tolerance of L i C is of the form {αi =
[ni , mi ] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where n1 = 0,
mk = n − 1 and ni < ni+1 ≤ mi + 1 and mi < mi+1 for all
i = 1, . . . , k .
(2) A collection C of subsets of the chain Ln = h{0, . . . , n − 1}, ≤i is
the set of all blocks of some congruence of L i C is of the form
{αi = [ni , mi ] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where n1 = 0,
mk = n − 1 and ni < ni+1 = mi + 1 and mi < mi+1 for all
i = 1, . . . , k .
In [5] it is proved that the set of all blocks of a tolerance T ∈ Tol(L)
of a nite lattice L with the order induced by the order of their smallest
elements forms a lattice called the factor lattice of L modulo T , which will
be denoted by L/T .
A tolerance T of a lattice L is called a glued tolerance, see [13], if its
transitive closure is the total relation L2 . The sublattice of all glued tolerances of L will be denoted by Glu(L). Let us observe that the total relation
L2 is the greatest element both in Glu(L) and in Con(L), being their only
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common element. The smallest element of Glu(L) is called the skeleton tolerance of L, and it is denoted by Σ(L). The factor lattice L/Σ(L) is called
the skeleton of L. It is easy to prove that T ∈ Glu(L) i every two blocks
α, β of T , such that α ≺ β in L/T , overlap. Therefore, we can notice that
Corollary 3. A collection C of subsets of the chain Ln = h{0, . . . , n−1}, ≤i
is the set of all blocks of some glued tolerance of L i C is of the form
{αi = [ni , mi ] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where n1 = 0,
mk = n − 1 and ni < ni+1 ≤ mi < mi+1 for all i = 1, . . . , k .
For any lattice L we shall say that T ∈ Tol(L) is a spare tolerance if
for any two dierent blocks α and β of T it holds |α ∩ β| ≤ 1. It is clear
that every congruence is a spare tolerance. We shall say that T ∈ Tol(L)
is sparingly glued if it is both glued and spare. Let us denote by SG(L)
the set of all sparingly glued tolerances of the lattice L. We can observe
immediately that
Proposition 4. A tolerance T of a lattice L is sparingly glued i for every
two blocks α, β of T , such that α ≺ β in L/T , we have |α ∩ β| = 1.
Since for every congruence T of L we have |α∩β| = 0 for any two dierent
blocks α and β of T , the notion of sparingly glued tolerance seems to be a
natural counterpart of the notion of congruence for glued tolerances.
By Corollary 2 and Proposition 4, we directly get the following characterization of spare and sparingly glued tolerances on nite chains:
Corollary 5.

(1) A collection C of subsets of the chain Ln = h{0, . . . , n − 1}, ≤i is
the set of all blocks of some spare tolerance of L i C is of the form
{αi = [ni , mi ] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where n1 = 0,
mk = n − 1 and ni < ni+1 and mi < mi+1 and ni+1 = mi or
ni+1 = mi + 1 for all i = 1, . . . , k .
(2) A collection C of subsets of the chain Ln = h{0, . . . , n − 1}, ≤i is the
set of all blocks of some sparingly glued tolerance of L i C is of the
form {αi = [ni , mi ] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where
n1 = 0, mk = n − 1 and ni < ni+1 = mi < mi+1 for all i = 1, . . . , k .
Example. In the pictures below one can see examples of a congruence
(Fig.1), a spare tolerance which is not glued (Fig.2), a glued tolerance
which is not spare (Fig.3) and a sparingly glued tolerance (Fig.4) for the
six-element chain.
Let Ln = h{0, . . . , n − 1}, ≤i be an n-element chain. We use the following
notation: tn = | Tol(Ln )|, qn = | Con(Ln )| and gn = | Glu(Ln )| and sn =
| SG(Ln )|.
In [1] we proved that
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Theorem 6.
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For every n ≥ 1, we have

(1) gn = cn−1 = n1 2n−2
;
n−1

2n
1
,
(2) tn = cn = n+1
n
where cn stands for the nth Catalan number.


3.

Main results

Now, our goal is to nd the number of all congruences and all sparingly
glued tolerances on the n-element chain. It is clear that for n = 1 we have
q1 = sn = 1. Moreover,

(1) qn = 2n−1 for every n ≥ 1,
(2) sn =
for every n > 1 and s1 = 1.
Proof.
(1) For n = 1, i.e., for the trivial lattice there is only one congruence. Then q1 = 1.
Let us consider the (n + 1)-element chain and let T be a congruence on it. The (n + 1)st element of the cahin can constitute a
single block of T - there are qn such congruences, or it can be at the
same block as the nth element of the chain - there is again qn such
congruences. Thus, we get the simple recurrence:
Theorem 7.

2n−2

q1 = 1; qn+1 = 2qn ,

hence qn =
for n ≥ 1.
(2) It is clear that s1 = 1.
Let n > 1 and let us consider the chain Cn−1 = {[i, i+1]}i=0,...,n−1
of segments of Ln with the standard order. Then the function f :
Cn−1 7→ Ln−1 given by f ([i, i + 1]) = i is an isomorphism.
Let T be a sparingly glued tolerance on Ln . Then every segment
[i, i + 1] ∈ Cn−1 belongs to exactly one block of T . Moreover, for
every block [ni , mi ] of T we have
2n−1

f ([ni , mi ]) = f (

[

[k, k + 1]) =

ni ≤k≤mi −1

[
ni ≤k≤mi −1

f ([k, k + 1]) = [n1 , mi − 1].
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Then, according to Corollaries 2 and 5, we conclude that every sparingly glued tolerance on Ln corresponds uniquely to a congruence
on Ln−1 . Therefore, according to (1), for every n > 1 we get
sn = qn−1 = 2n−2 .


Now, let us estimate the asymptotic density of congruences among all
tolerances of a chain and of sparingly glued tolerances among all glued
tolerances of a chain. What we want to compute are the limits of sequences
(qn/tn )n≥1 and (sn/gn )n≥1 , values of which correspond to chances of drawing
with uniform distribution a desired object, a congruence from the set of all
tolerances or a sparingly glued tolerances from the set of all glued tolerances
on a chain of length n.
In what follows, we adapt the following standard ∼ notation. Given
two positive sequences (an )n≥0 and (bn )n≥0 we write an ∼ bn whenever
limn→∞ an/bn = 1. We also apply the classical result (see [8, Chapter IV.1])
about the asymptotics of the sequence (cn )n≥0 of Catalan numbers:
1

cn ∼ 4n n− /2 π − 2 .
3

Now, by Theorems 6 and 7, we get
qn
2n−1
qn
=
∼
1
tn
cn
4n n−3/2 π − 2
sn
qn−1 n→∞
=
−→ 0.
gn
tn−1

n→∞

−→ 0,

This implies that the chances of drawing, both, a congruence from the
set of all tolerances and a a sparingly glued tolerance from the set of all
tolerances of a chain tend to zero as the length of a chain increases.
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APPLICATION OF MODULAR COMPUTING
TECHNOLOGY TO NUMBER NORMALIZATION IN
FLOATING POINT ARITHMETIC
MIKHAIL SELIANINAU

Abstract
In the present paper, we deal with the methodology of mantissa normalization
on the basis of parallel algorithmic structures of modular arithmetic. The use of
interval-modular form and basic integral characteristics of modular code is fundamental for construction of floating-point modular computing arithmetic. The
proposed method of mantissa normalization in the minimal redundant modular
number system is based on the parallel algorithm of multiplication by constant
with overflow check.

1. Introduction
The problem of providing a high speed and sufficient accuracy of calculations has always been the actual direction of theoretical research in the
field of computer arithmetic. At the present time, this problem gets more
and more clear-cut applied aspect which appears first of all as a solution
of engineering and scientific problems of high dimensionality and high time
complexity. Most numerical methods operate over the field of real numbers,
hence, the problem of creating new ways of their computer approximation
and the organization of parallel processing is actual.
Representation of numbers in the floating point form is used in computer
systems that serve to solve a wide range of scientific and technical problems.
This is caused by the fact that the use of floating point form allows us to
expand considerably the range of representable numbers in comparison with
the fixed point while the high precision of representation is required.
The research directed to the development of new methods and algorithms
of high-speed and high-precision floating point calculations are of great importance as they allow us to perform effective parallelization of calculations
Mikhail Selianinau — Jan Długosz University in Częstochowa.
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and to minimize the dependence of the speed of arithmetic operations execution on the computing accuracy of these operations.
One of the most promising lines of research in the field of organization of
high-speed high-precision calculations is the implementation of nonconventional ways of information encoding and corresponding variants of computer
arithmetic. Numerical systems with parallel structure and, first of all, the
modular number systems (MNS) which are characterized by the maximum
level of internal parallelism play a significant role in the development of
the approach outlined above [1–4]. The method of implementation of highprecision arithmetic for the processing of numbers of big digit capacity with
the fixed and floating point in the MNS basis is most consistent with the development vector of modern high-performance computing technologies and
systems.
2. Minimal redundant modular coding
Currently, the research aimed to optimizing modular computing structures (MCS) is intensively conducted in parallel with extending the sphere
of applications of modular arithmetic (MA). These structures represent the
unique means of computation processes decomposition into independent elementary subprocesses defined on mathematical models with elements of
small digit capacity [1–6].
Using of modular redundant coding is highly efficient in study of MCS. In
this connection, the modular codes (MC) having minimum redundancy, i.e.
the codes of minimal redundant modular number systems (MRMNS), are of
particular interest. The basis of the principle of minimal redundancy coding
consist in the use of some less powerful operating ranges in comparison with
the ranges determined by the Chinese remainder theorem [1, 2, 5, 6].
In the set Z of real integer numbers, an MRMNS is determined by pairwise prime natural modules m1 , m2 , . . . , mk (mk ≥ 2m0 + k − 2, m0 is the
additional real module which satisfies the condition m0 ≥ k − 2, k ≥ 2) by
defining a homomorphic mapping
φ : D → Zm1 × Zm2 × . . . × Zmk ,
(Zmi = {0, 1, . . . , mi − 1}, i = 1, 2, . . . , k)
on the working range
D = Z−
2M = {−M, −M + 1, . . . , M − 1},
(M = m0 Mk−1 , Mk−1 =

k−1
Y
l=1

ml ).
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In this case, the vector
(χ1 , χ2 , . . . , χk ) ∈ Zm1 × Zm2 × . . . × Zmk ,
is assigned to each X ∈ D, where χ1 = |X|m1 , χ2 = |X|m2 , . . . , χk =
|X|mk are the residues of division of an integer X by natural modules
m1 , m2 , . . . , mk ; the notation |x|m is used to designate an element of the
residue ring Zm = {0, 1, . . . , m − 1} which is congruent to the rational value
x modulo m.
Similar to a conventional MNS with the bases m1 , m2 , . . . , mk , in an
MRMNS all the ring operations over any two integer numbers A and B
represented by their MC:
A = (α1 , α2 , . . . , αk ), B = (β1 , β2 , . . . , βk ),
(αi = |A|mi , βi = |B|mi ; i = 1, 2, . . . , k)
are also performed independently for each module, i.e. according to the rule
A ◦ B = (α1 , α2 , . . . , αk ) ◦ (β1 , β2 , . . . , βk ) =
= (|α1 ◦ β1 |m1 , |α2 ◦ β2 |m2 , . . . , |αk ◦ βk |mk ); ◦ ∈ {+, −, ×}.

(1)

The main advantage of MA over the arithmetic of positional number
systems consists just in the property (1). The absence of carry between
the adjacent digits of numbers represented in an MNS allows us to perform
the modular arithmetic operations easy and fast. Since the components of
the MC have a small code length and the ring operations in the MNS are
performed independently for each module, then the MA gives essentially
new possibilities to increase the computation speed.
Computational complexity, efficiency and realizable properties of one or
another variant of MA are primarily dependent on the selected set of basic
integral characteristics of MC (ICMC). These characteristics which values
are determined by the digits of MC allow us to estimate the magnitude of
the corresponding numbers or to receive their full positional codes [1, 2].
With respect to the mapping φ which defines an MRMNS with the bases
m1 , m2 , . . . , mk and operating range D, there is an inverse mapping φ−1
which establishes a correspondence between the vectors (χ1 , χ2 , . . . , χk ) and
the numbers X ∈ D by the rule
X=

k−1
X

Mi,k−1 χi,k−1 + I(X)Mk−1 ,

(2)

i=1
−1
where χi,k−1 = |Mi,k−1
χi |mi , Mi,k−1 = Mk−1 /mi , I(X) is an interval index
(II) of the number X. The expression (2) is called an interval-modular form
(IMF) of the number X [1, 2, 5].
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The triviality of calculation of II is a key element of the principle of
minimum redundancy modular coding. The value of the II is uniquely
determined in the MRMNS by its residue modulo mk and is reduced to the
calculation of a linear combination of low-bit remainders [2, 5].
In the MRMNS with the modules m1 , m2 , . . ., mk (mk ≥ 2m0 + k − 2,
m0 ≥ k − 2), along with the integer numbers the fractions of the form
x = X/M , where X ∈ D, can also be considered. The set of fractions
mentioned above forms some finite model of real numbers from the interval
(−1, 1). In the MNS, a fraction of a given type is generally defined by the
MC (χ1 , χ2 , . . . , χk ) of the number X (χi = |X|mi ; i = 1, 2, . . . , k).
Using the IMF (2) of real integer numbers and the calculation procedure
of an II as a basis for all algorithmic construction provides simplicity of
implementation of decoding mapping in MRMNS and consequently of other
non-modular operations. This leads to a significant improvement of the
arithmetic properties of the MNS.
3. Overflow check and sign detection in the MRMNS
The interval-index characteristic I(X) allows us to check quite simply
whether or not the result number X belongs to operating range under consideration as well as to identify the negative and non-negative area of the
specified range, i.e. to solve the problem of overflow and sign detection.
In the development of computer arithmetic of the MRMNS, along with
the II I(X), a minimal ICMC Θ(X) corresponding to the number X in the
system with modules m1 , m2 , . . . , mk−1 , m0 determined by the relation
|X|M =

k−1
X

ˆ
Mi,k−1 χi,k−1 + I(X)M
k−1 − Θ(X)M

(3)

i=1

ˆ
plays a key role [1]. Here I(X)
= |I(X)|m0 is a computer II of the number
X.
We introduce the following definition.
Definition 1. An integer number


I(X)
(4)
J(X) =
m0
is called the main II of an arbitrary integer number X with respect to the
module m0 (the integer part of a real number x is denoted by bxc).
Definition 2. An integer number
 
X
N (X) =
(5)
M
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is called an interval number of an arbitrary integer number X with respect
to the modules m1 , m2 , . . . , mk−1 , m0 .
By applying the Euclidean lemma from the theory of divisibility [7] to
ˆ
an II I(X) in the form I(X) = I(X)
+ J(X)m0 , we have from (2)
X=

k−1
X

ˆ
Mi,k−1 χi,k−1 + I(X)M
k−1 + J(X)M.

i=1

Subtracting and adding the value Θ(X)M in the right-hand side of this
equality and considering (3), we receive
X=

k−1
X

ˆ
Mi,k−1 χi,k−1 + I(X)M
k−1 − Θ(X)M + J(X)M + Θ(X)M =

i=1

= |X|M + (J(X) + Θ(X))M.

(6)

Hence, according to the Euclidean lemma, we conclude that for an interval numbers N (X) (see (5)) the following relation is true
N (X) = J(X) + Θ(X).

(7)

As it follows from (6) and (7), a necessary and sufficient condition for
the number X to belong to the considered range D is an execution of one
of the equalities: J(X) + Θ(X) = −1 or J(X) + Θ(X) = 0. In other words,
in the MRMNS a control of overrange of an integer number X is reduced
to forming a flag
(
0 if J(X) + Θ(X) ∈ {−1, 0},
(8)
Ω=
1 in other cases.
The obtained relations (6) and (7) also allow us to determine the sign
S(X) of a number X:
(
0 if J(X) + Θ(X) ≥ 0,
S(X) =
(9)
1 if J(X) + Θ(X) < 0.
Thus, in the MRMNS the operations of overflow check (8) and of sign
detection (9) are actually reduced to calculation of the main II J(X) and
the minimal ICMC Θ(X) corresponding to the integer number X in the
auxiliary MNS with the modules m1 , m2 , . . . , mk−1 , m0 .
In [1] it was proved that if the module m0 satisfies the condition m0 ≥
k − 2, then the minimal ICMC Θ(X) possesses only two values: 0 or 1.
Let us note that in the MRMNS for implementation of the most commonly used arithmetic operations (addition, subtraction and multiplication
of numbers with overflow check), it is best to use the strictly symmetric

62

MIKHAIL SELIANINAU

range D0 = {−M + 1, −M + 2, . . . , M − 1} which originates from the operating range D by deleting a point −M . This feature introduces some
changes in the process of forming an overflow flag Ω because now the overflow takes place when N (X) ∈ {−1, 0} and X 6= −M . Thus, when using
the symmetric range, it is necessary to substitute the relation (8) by the
following modification:
(
0 if J(X) + θ(X) ∈ {−1, 0} and X 6= −M,
Ω=
(10)
1 in other cases.
4. Features of floating point numerical data representation
It is known that any real number x in a positional number system can
be represented in exponential form: x = m(x)pn(x) , where m(x) is the
mantissa, p is the base radix and n(x) is the number exponent.
For representation of floating point data, the number record in a normalized form is usually used. In this case, the mantissa m(x) satisfies the
following conditions: it must be a proper fraction and have the nonzero
digit in the first number position after the floating point. It should be emphasized that the requirement of normalization of numbers is introduced to
ensure the maximum accuracy of their representation.
As a result of calculations, the normalization is often violated, so it is
necessary to restore it. For example, when performing arithmetic operations
of addition and subtraction of mantissas the normalization of a resultant
mantissa can be violated at one digit to the left or at arbitrary number of
digits to the right.
If normalization is violated to the left, then the normalization of the result
is executed by shifting the resultant mantissa at one digit to the right and
the increment of the number exponent by one.
If normalization is violated to the right, then the normalization of the
result is executed by shifting the resultant mantissa at one digit to the left
and the decrement of the number exponent by one. These steps should be
continued till the condition 1/p ≤ |m(x)| < 1 is met.
5. Mantissa normalization in the MRMSS
On the basis of minimal redundant modular algorithmic structures it is
possible to construct different variants of MA of real numbers not only with
a fixed point but also with a floating point. For this purpose it is necessary
to develop additionally fast methods and algorithms of normalization of
mantissas represented in the minimal redundant MC.
The operation of number normalization refers to the category of nonmodular operations. The main methods of mantissa normalization in the
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MRMNS can be synthesized on the basis of parallel algorithms of forming
different ICMC (for example, coefficients of a symmetric polyadic code),
high-speed scaling procedures and arithmetic operations with overflow check
[2, 8].
Let us consider the approach to constructing the normalization procedures when normalization is violated to the right which is based on the
multiplication by constants with overflow check.
In the MRMNS with the modules m1 , m2 , . . ., mk (mk ≥ 2m0 + k −
2, m0 ≥ k − 2), a mantissa m(x) is represented in terms of a fraction
m(x) = X/M which is defined by the MC (χ1 , χ2 , . . . , χk ) of a number
X (χi = |X|mi , i = 1, 2, . . . , k). As the normalization is violated to the
right 0 ≤ |m(x)| < 1/p, then 0 ≤ |X| < M/p. Therefore, the mantissa
normalization is reduced to transformation of a number X.
To normalize a number X in MRMNS (X is an element of operating range
of the MRMNS, X 6= 0) means to find its representation in the exponential
form
X = m(X)p−n(X) ,

(11)

where m(X) is an integer-valued mantissa satisfying the condition M/p ≤
|m(X)| < M ; n(X) is an exponent of a number X and p is a radix of the
exponential representation.
The relation (11) indicates that normalization of a number X is actually
reduced to computation of the exponent n(X). The value n(X) is uniquely
determined by the condition of normalization of the mantissa m(X) written
as
M/p ≤ |X|pn(X) < M.
From the relationship (11) it follows that the exponent n(X) of the initial
number X coincides with the number ν of the penultimate element of a
sequence X (0) = X, X (1) = X (0) p, X (2) = X (1) p, . . ., X (ν) = X (ν−1) p,
X (ν+1) = X (ν) p (ν ≥ 0), where numbers X (0) , X (1) , . . . , X (ν) belong and
X (ν+1) does not belong to the range of MRMNS.
Therefore, to obtain the value n(X) = ν it is enough to generate flags
Ω(X (j) ) which indicate that the numbers X (j) = Xpj (j = 1, 2, . . . , ν)
belong and the number X (ν+1) does not belong to the number system range
(see (8), (10)).
Let us introduce the notation
(l)

−1
χi,k−1 = Mi,k−1
X (l)

mi

−1
= pl Mi,k−1
χi

mi

= pl χi,k−1

mi

(12)
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(i = 1, 2, . . . , k−1; l = 0, 1, . . . , ν +1). Using the IMF (2) and the Euclidean
lemma, we transform a number X (j) (j = 1, 2, . . . , ν + 1) as follows:
!
k−1
X
(j−1)
(j)
(j−1)
(j−1)
X = pX
=p
Mi,k−1 χi,k−1 + I(X
)Mk−1 =
i=1

=

k−1
X


Mi,k−1

(j−1)
pχi,k−1

i=1

=

k−1
X

mi

(j)

Mi,k−1 χi,k−1 +

+

j

(j−1)
pχi,k−1 /mi

pI(X (j−1) ) +

i=1

k


mi

k−1 j
X

+ pI(X (j−1) )Mk−1 =

(j−1)

pχi,k−1 /mi

k

!
Mk−1 .

i=1

Hence, we conclude that for an II of a number X (j) the following formula
is true
k−1 j
k
X
(j−1)
pχi,k−1 /mi .
(13)
I(X (j) ) = pI(X (j−1) ) +
i=1


Therewith, the main II J(X (j) ) = I(X (j) )/m0 of a number X with
respect to the modules m1 , m2 , . . . , mk−1 , m0 is determined by the relation
$
!
%
k−1 j
k
X
(j−1)
J(X (j) ) =
pI(X (j−1) ) +
pχi,k−1 /mi
/m0 .
(14)


i=1

To establish whether the number X (j) is an element of the number system
range it is enough to calculate the corresponding minimal ICMC Θ(X (j) ) in
the MNS with modules m1 , m2 , . . . , mk−1 , m0 by means of the ICMC generation algorithm [2, 8] and further to determine a flag Ω(X (j) ) by applying
one of the formulas (8) or (10). The unit value of a flag Ω(X (j) ) specifies
that the number X (j) exceeds the limits of operating range.
The algorithm of normalization of a number X = (χ1 , χ2 , . . . , χk ) (X 6=
0) based on the assumptions stated above is reduced to execution of the
following steps.
N.1. The computer II Iˆk (X) of the initial number X is computed in
accordance with the calculated relations [2, 5]
Iˆk (X) =

k
X
i=1

Ri,k (χi ) =

χi,k−1
Mk−1

Ri,k (χi )

;
mk

(i 6= k) Rk,k (χk ) =
mk

χk
Mk−1

.
mk
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ˆ
Then the characteristics I(X)
and J(X) are determined by the tabular
method


Iˆ (X)
if Iˆk (X) < m0 ;


 k
m0
ˆ
I(X)
=



 Iˆk (X) − mk
if Iˆk (X) ≥ mk − m0 − k + 2;
m0

J(X) =

k
j
ˆk (X)/m0 if Iˆk (X) < m0 ;

I


j
k


 (Iˆ (X) − m )/m if Iˆ (X) ≥ m − m − k + 2.
0
0
k
k
k
k
(0)

N.2. Let us assume that j = 1, X (0) = X and χi = χi (i = 1, 2, . . . , k).
(j)
(j)
(j)
(j)
N.3. The MC (χ1 , χ2 , . . . , χk ) of the number X (j) = pX (j−1) (χi =
(j−1)
|pχi
|mi ; i = 1, 2, . . . , k) and its interval-index characteristics
ˆ (j) ) = R0 (I(X
ˆ (j−1) )) +
I(X

k−1
X

(j−1)

Ri (χi

)

i=1

and

(15)
m0

j
k
J(X (j) ) = pJ(X (j−1) ) + pI(X (j−1) )/m0 +
$
!
%
k−1
X
(j−1)
ˆ (j−1) )) +
+
R0 (I(X
Ri (χ
) /m0 ,

(16)

i

i=1

where
ˆ (j−1) )) = pI(X
ˆ (j−1) )
R0 (I(X
;
m0

 j
k
(j−1)
(j−1)
(j−1)
−1
Ri (χi
) = p Mi,k−1
χi
/mi = pχi,k−1 /mi ,
mi

(j−1)

(j−1)

(j−1)

are formed using the digits of the MC (χ1
, χ2
, . . . , χk
) of the
(j−1)
(j−1)
(j−1)
ˆ
number X
and the values I(X
) and J(X
).
The calculating relations (15) and (16) follow directly from (13) and (14)
if one takes into account the designation (12) and considers that
ˆ (j−1) ) + J(X (j−1) )m0
I(X (j−1) ) = I(X
and
ˆ (j−1) ) = pI(X
ˆ (j−1) )
pI(X
Θ(X (j) )

m0

j
k
ˆ (j−1) )/m0 m0 .
+ pI(X

N.4. The minimal ICMC
corresponding to the number X (j) in
the MNS with modules m1 , m2 , . . . , mk−1 , m0 is computed using the ICMC
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generation algorithm [2, 8]. As the input data of algorithm we specify the
(j)
(j)
(j)
ˆ (j) ).
values (χ1 , χ2 , . . . , χk−1 ) and I(X
N.5. According to the obtained values of characteristics J(X (j) ) and
Θ(X (j) ) the flag Ω(X (j) ) is formed by applying one of the formulas (8) or
(10). If the number X (j) is an element of a system range (Ω(X (j) ) = 0),
then j is incremented by one (j = j + 1) and whereupon we move to the
step N.3, otherwise (Ω(X (j) ) = 1) the cyclic process of multiplication by
a constant p is finished. Let it take place in the case j = ν + 1 (ν ≥ 0).
Then the values X (ν) and ν are fixed as the required values of the mantissa
m(X) and the exponent n(X) of a number X. Hence, the operation of
normalization is completed.
The normalization algorithm
N.1 - kN.5 jbecomes theksimplest one for p =
j
(j−1)
(j−1)
2. In this case the values pχi,k−1 /mi = 2χi,k−1 /mi (i = 1, 2, . . . , k −1)
can be equal only to 0 or 1. Therefore, after the computation of the II I(X)
of the initial number X the calculating relations (13)–(16) for the intervalindex characteristics of a number X (j) for each j ≥ 1 may be implemented
at a single module clock cycle, for example, by the tabular method.
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SAT-BASED BOUNDED MODEL CHECKING FOR TIMED
INTERPRETED SYSTEMS AND THE RTECTLK
PROPERTIES
BOŻENA WOŹNA-SZCZEŚNIAK, IRENEUSZ SZCZEŚNIAK

Abstract
We define an SAT-based bounded model checking (BMC) method for RTECTLK
(the existential fragment of the real-time computation tree logic with knowledge) that
is interpreted over timed models generated by timed interpreted systems. Specifically,
we translate the model checking problem for RTECTLK to the model checking problem
for a variant of branching temporal logic (called Ey CTLK) interpreted over an abstract
model, and we redefine an SAT-based BMC technique for Ey CTLK.

1. Introduction
The Interpreted system (IS) [5] is the formalism, which was designed to
model multi-agent systems (MASs) [11], and to reason about the agents’
epistemic and temporal properties. The timed interpreted system (TIS) [14]
is the formalism that extends ISs to make feasible reasoning about real-time
aspects of MASs. The TIS gives a computationally grounded semantics on
which it is feasible to interpret both the time-bounded temporal modalities
and the conventional epistemic modalities.
The fundamental thought of the SAT-based bounded model checking
(BMC) systems [2, 10] comprises in translating the existential model checking problem for a modal logic and for a Kripke structure to the SAT problem
[6], furthermore, exploiting the sophistication of present day SAT-solvers,
i.e., programs (tools) that automatically decide whether a propositional
formula is satisfiable.
To express the specifications of MASs different extensions of classic temporal logics [3] with epistemic [5], doxastic [7], and deontic (to represent the
correct functioning behaviour) [9] modalities have been proposed. In this
paper we consider RTECTLK, i.e., an epistemic extension of the existential
fragment of the soft real-time CTL (RTECTL) [4], which is a propositional

70

BOŻENA WOŹNA-SZCZEŚNIAK, IRENEUSZ SZCZEŚNIAK

branching-time temporal logic with bounded operators, and which was introduced to permit specification and reasoning about time-critical correctness properties. We interpret RTECTLK over timed models generated by
timed interpreted systems.
A version of the SAT-based BMC method for specifications expressed in
RTECTLK has been published in [12, 13]. However, the underling model
for RTECTLK was the interpreted system [5] with the asynchronous semantics (interleaving semantics). Here we use, as the underling model for
RTECTLK, the timed interpreted systems with the synchronous semantics,
thus the agents over this semantics perform a joint action at a given time
in a global state. Moreover, the RTECTLK properties cannot be expressed
using nested applications of the next state operators.
In the paper we make the following contribution. We define the SATbased BMC method for RTECTLK interpreted over timed models generated
by timed interpreted systems. Specifically, we translate the model checking
problem for RTECTLK to the model checking problem for a variant of
branching temporal logic (called Ey CTLK) interpreted over an abstract
model, and we redefine and improve the SAT-based BMC technique for
Ey CTLK of [8]. The improvement of the SAT-based BMC [8] consists in
utilizing the SAT-based BMC method for ECTL [15]. Its main idea is
to translate every subformula ψ of the formula ϕ using only fk (ψ) paths of
length k. So, our new BMC algorithm uses a reduced number of paths, what
results in significantly smaller and less complicated propositional formulae
that encode the RTECTLK properties.
The rest of the paper is organised as follows. In Section 2 we introduce
the TIS and the RTECTLK logic. In Section 3 we show how to translate
the model checking problem for RTECTLK to the model checking problem
for Ey CTLK. In Section 4 we provide a BMC method for Ey CTLK and for
ATIS. Finally in Section 5 we conclude the paper.

2. Preliminaries
Let us start by fixing some notation used through the paper. IN is the
set of non-negative integers, IN+ = IN \ {0}, PV is a set of propositional
variables, and X is a finite set of non-negative integers variables, called
clocks. A clock valuation is a function v : X → IN that assigns to each
clock x ∈ X a non-negative integer value v(x). IN|X| is the set of all the
clock valuations. For X 0 ⊆ X, the valuation v 0 = v[X 0 := 0] is defined as:
∀x ∈ X 0 , v 0 (x) = 0 and ∀x ∈ X\X 0 , v 0 (x) = v(x). For δ ∈ IN, v + δ denotes
the valuation v 0 such that ∀x ∈ X, v 0 (x) = v(x) + δ.
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Let x ∈ X, c ∈ IN, and ∼∈ {≤, <, =, >, ≥}. The set C(X) of clock
constraints over X is defined by the following grammar:
φ := true | x ∼ c | φ ∧ φ
Let v be a clock valuation, and φ ∈ C(X). The satisfaction relation v |= φ
is defined inductively with the following rules:
v |= true,
v |= x ∼ c iff v(x) ∼ c,
v |= φ ∧ φ0 iff v |= φ and v |= φ0 .
Finally, by the time successor of v (written succ(v)) we denote the clock
valuation v 0 such that ∀x ∈ X, v 0 (x) = v(x) + 1.
Timed Interpreted Systems. Let A = {1, . . . , n} be the non-empty
and finite set of agents, E be a special agent that isSused to model the
environment in which the agents operate, and PV = c∈A PV c ∪ PV E be
a set of propositional variables such that PV c1 ∩ PV c2 = ∅ for all c1 , c2 ∈
A ∪ {E}. The set of agents A together with the environment constitute
a multi-agent system (MAS), to model which we utilize the formalism of
timed interpreted system (TIS).
In TIS, each agent c ∈ A is modelled by:
• Lc - a non-empty and finite set of local states,
• Actc - a non-empty and finite set of possible actions such that the
special null action c belongs to Actc ; it is assumed that actions are
”public”,
• Xc - a non-empty and finite set of clocks,
• Pc : Lc → 2Actc - a protocol function that characterizes rules according to which actions may be performed in every
Q local state,
X
c
• tc : Lc ×LE ×C(Xc )×2 ×Act → Lc with Act = c∈A Actc ×ActE
- a (partial) evolution function which defines local transitions; each
element of Act and C(Xc ) is called a joint action and an enabling
condition, respectively,
• Vc : Lc → 2PV - a valuation function which assigns to every local
state a set of propositional variables that are assumed to be true at
that state,
• Ic : Lc → C(Xc ) - an invariant function which specifies the amount
of time agent c may spend in its local states.
We assume that if c ∈ Pc (`c ), then tc (`c , `E , φc , X, (a1 , . . . , an , aE )) = `c
for ac = c , any φc ∈ C(Xc ), and any X ∈ 2Xc . Finally, we assume that
the sets of clocks are pairwise disjoint.
Correspondingly to the other agents, the environment E is modelled by
• LE - a non-empty and finite set of local states,
• ActE - a non-empty and finite set of possible actions,
• XE - a non-empty and finite set of clocks,
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PE : LE → 2ActE - a protocol function,
tE : LE × C(XE ) × 2XE × Act → LE - a (partial) evolution function,
VE : LE → 2PV E - a valuation function,
IE : LE → C(XE ) - and an invariant function which specifies the
amount of time agent E may spend in its local states.
It is assumed that localQstates, actions and clocks for E are ”public”.
Let the symbol S = c∈A∪E Lc × IN|Xc | denote the non-empty set of all
global states, and s = ((`1 , v1 ), . . . , (`n , vn ), (`E , vE )) ∈ S. Then, the symbols
lc (s) = `c and vc (s) = vc denote, respectively, the local component and the
clocks valuation of agent c ∈ A ∪ {E} in the global state s. Finally, given a
set of agents A, the environment E, and a set of initial global states ι ⊆ S
such that for all c ∈ A ∪ {E} and for all x ∈ Xc it holds vc (x) = 0, a timed
interpreted system (TIS) is a tuple
•
•
•
•

I = ({Lc , Actc , Xc , Pc , tc , Vc , Ic }c∈A∪{E} , ι)
For a given time interpreted system I we define a timed model as a tuple
M = (Σ, ι, S, T, V) :
•
•
•
•

Σ = Act ∪ IN is the set of labels (i.e., joint actions and natural numbers),
S and ι ∈ S are defined as above,
S
V : S → 2PV is the valuation function defined as V(s) = c∈A Vc (lc (s)),
T ⊆ S × (Act ∪ IN) × S is a transition relation defined by action and time
transitions:
(1) Action transition: for any a ∈ Act, (s, a, s0 ) ∈ T iff for all c ∈ A,
there exists a local transition tc (lc (s), lE (s), φc , X 0 , a) = lc (s0 ) such
that vc (s) |= φc ∧ I(lc (s)) and vc0 (s0 ) = vc (s)[X 0 := 0] and vc0 (s0 ) |=
I(lc (s0 )), and there exists a local transition tE (lE (s), φE , X 0 , a) =
lE (s0 ) such that vE (s) |= φE ∧ I(lE (s)) and vE0 (s0 ) = vE (s)[X 0 := 0]
and vE0 (s0 ) |= I(lE (s0 )).
(2) Time transition: let δ ∈ IN, (s, δ, s0 ) ∈ T iff for all c ∈ A∪{E}, lc (s) =
lc (s0 ) and vc (s) |= I(lc (s)) and vc0 (s0 ) = vc (s) + δ and vc0 (s0 ) |=
I(lc (s)).
We assume that the relation T is total, i.e. for any s ∈ S there exists s0 ∈ S
and there exist either a non-empty joint action a ∈ Act or natural number
δ ∈ IN such that it holds T (s, a, s0 ) or T (s, δ, s0 ).
Given a time interpreted system I one can define the indistinguishability
relation ∼c ⊆ S × S for agent c as follows: s ∼c s0 iff lc (s0 ) = lc (s) and
vc (s0 ) = vc (s).
Let M be a timed model generated by a TIS I. A run of I is an infinite
δ0 ,a0

δ1 ,a1

δ2 ,a2

sequence ρ = s0 → s1 → s2 → . . . of global states such that the
following conditions hold for all i ∈ IN: si ∈ S, ai ∈ Act, δi ∈ IN+ , and
there exists s0i ∈ S such that (si , δi , s0i ) ∈ T and (s0i , ai , si+1 ) ∈ T . Note
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that the definition of the run does not allow two consecutive joint actions
to be performed one after the other, i.e., between each two joint actions
some time must pass.
The symbol
S ΠI (s) denotes the set of all the runs in I that start at the
state s. Π = s0 ∈ι ΠI (s0 ).
RTECTLK. Let p ∈ PV, c ∈ A, Γ ⊆ A, and I be an interval in IN of the
form: [a, b) or [a, ∞), for a, b ∈ IN and a 6= b. The existential fragment of
RTCTL with knowledge (RTECTLK) is defined by the following grammar:
ϕ := > | ⊥ | p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ |
E(ϕUI ϕ) | EGI ϕ | Kc ϕ | EΓ ϕ | DΓ ϕ | CΓ ϕ
The symbol E (for some path) is the path quantifier. The symbols UI (bounded until ) and GI (bounded globally) are temporal modalities. The derived
basic temporal modalities for bounded eventually and bounded release are
def

def

defined as follows: EFI ϕ = E(>UI ϕ), E(ϕRI ψ) = E(ψUI (ψ ∧ϕ))∨EGI ψ.
Hereafter, if the interval I is of the form [0, ∞), then we omit it for the simplicity of the presentation. The symbols Kc (agent c considers possible),
EΓ (possibly everyone in Γ knows), DΓ (possible distributed knowledge in
the group Γ), and CΓ (possible common knowledge among agents in Γ) are
the dualities to standard epistemic modalities.
To define the satisfiability relation for RTECTLK, we define the notion
of a discrete path λρ corresponding to run ρ (this can be done in a unique
way because of the assumption that the runs are strongly monotonic), and
def S
we assume the following definitions of epistemic relations: ∼E
c∈Γ ∼c ,
Γ =
T
def
def
D
E
E +
∼C
c∈Γ ∼c , where Γ ⊆ A.
Γ = (∼Γ ) (the transitive closure of ∼Γ ), ∼Γ =
Let ∆0 = [b0 , b1 ), ∆1 = [b1 , b2 ), . . . be the sequence of pairwise disjoint
intervals, where: b0 = 0 and bi = bi−1 + δi−1 if i > 0. For each t ∈ IN, let
idxρ (t) denote the unique index i such that t ∈ ∆i . A path λρ corresponding
to ρ is a mapping λρ : IN → S such that λρ (t) = ((`i1 , v1i +t−bi ), . . . , (`in , vni +
t − bi ), (`iE , vEi + t − bi )) = si + t − bi , where i = idxρ (t).
Let Y ∈ {D, E, C}. The satisfiability relation |=, which indicates truth of
a RTECTLK formula in the timed model M at state s, is defined inductively
with the classical rules for propositional operators and with the following
rules for the temporal and epistemic modalities:
M, s |= E(αUI β) iff (∃ρ ∈ ΠI (s))(∃i ∈ I)(M, λρ (i) |= β and
(∀0 ≤ j < i) M, λρ (j) |= α)
M, s |= EGI α
iff (∃ρ ∈ ΠI (s)) (∀i ∈ I)(M, λρ (i) |= α)
M, s |= Kc α
iff (∃ρ ∈ ΠI )(∃i ≥ 0)(s ∼c λρ (i) and M, λρ (i) |= α)
M, s |= Y Γ α
iff (∃ρ ∈ ΠI )(∃i ≥ 0)(s ∼YΓ λρ (i) and M, λρ (i) |= α)
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An RTECTLK formula ϕ holds in the model M (denoted M |= ϕ) iff
M, s0 |= ϕ for some state s0 ∈ ι. The model checking problem asks whether
M |= ϕ.
3. From RTECTLK to Ey CTLK
The translation of the model checking problem for RTECTLK to the
model checking problem for Ey CTLK, a language defined below and interpreted over an abstract model for an augmented timed interpreted system is
based on [8], where the translation of the model checking problem for the
existential part of TCTL [1] augmented with knowledge (TECTLK) with
a dense-time semantics defined over timed automata to the model checking
problem for Ey CTLK with a semantics defined over the region graph has
been introduced.
We start by defining augmented timed interpreted systems (ATIS) for a
given timed interpreted system I = ({Lc , Actc , Xc , Pc , tc , Vc , Ic }c∈A∪{E} , ι),
and an RTECTLK formula ϕ.
Let m be the number of intervals appearing in ϕ. Then, an ATIS Iϕ is
defined as the following tuple
({Lc , Vc , Ic }c∈A∪{E} , {Actc , Xc , Pc , tc }c∈A , Act0E , XE0 , PE0 , t0E ) :
• Act0E = ActE ∪ {ay }, where ay is a new action corresponding to
setting to zero a new clock y.
• XE0 = XE ∪ {y}, where the new clock y corresponds to all the intervals appearing in ϕ; one clock is sufficient to perform the BMC
algorithm that is presented in the next section.
0
• PE0 : LE → 2ActE is an extension of the protocol function PE : LE →
2ActE such that {ay } ⊆ PE0 (`) for all ` ∈ LE .
0
• t0E : LE Q
× C(XE0 ) × 2XE × Act0 → LE is an extension of tE such that
Act0 = ni=1 Acti ×Act0E and t0E (`E , true, {ay }, (1 , . . . , n , ay )) = `E .
An abstract model for ATIS. Let ϕ be an RTECTLK formula,
PV 0 = PV ∪ {py∈I | I is an interval in ϕ}, and Iϕ = ({Lc , Actc , Xc , Pc ,
tc , Vc , Ic }c∈A∪{E} , ι) be an ATIS. The abstract model for Iϕ is a tuple Mϕ =
(Σϕ , ι, Sϕ , Tϕ , Vϕ ), where
Q
• Σϕ = Act ∪ {τ }, where Act = c∈A∪{E} Actc ,
Q
• Sϕ = c∈A∪E Lc × IN|Xc | is the set of all possible global states,
0
• Vϕ : Sϕ → 2PV is the S
valuation function such that:
(1) p ∈ Vϕ (s) iff p ∈ c∈A∪E Vc (lc (s)) for all p ∈ PV,
(2) py∈I ∈ Vϕ (((`1 , v1 ), . . . , (`n , vn ), (`E , vE ))) iff vE (y) ∈ I,
• Tϕ ⊆ Sϕ × Σϕ × Sϕ is a transition relation defined by action and
time transitions. Let a ∈ Act:
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1. Action transition: (s, a, s0 ) ∈ Tϕ iff (∀c ∈ A) (∃φc ∈ C(Xc ))
(∃Xc0 ⊆ Xc ) (tc (lc (s), lE (s), φc , Xc0 , a) = lc (s0 ) and vc (s) |= φc ∧
I(lc (s)) and vc0 (s0 ) = vc (s)[Xc0 := 0] and vc0 (s0 ) |= I(lc (s0 )))
and (∃φE ∈ C(XE )) (∃XE0 ⊆ XE ) (t0E (lE (s), φE , XE0 , a) = lE (s0 )
and vE (s) |= φE ∧ I(lE (s)) and vE0 (s0 ) = vE (s)[XE0 := 0] and
vE0 (s0 ) |= I(lE (s0 )))
2. Time transition: (s, τ, s0 ) ∈ Tϕ iff (∀c ∈ A ∪ {E})(lc (s) = lc (s0 )
and vc (s) |= I(lc (s)) and vc0 (s0 ) = succ(vc (s)) and vc0 (s0 ) |=
I(lc (s))).
Note that each transition is followed by a possible reset of new
clocks. This is to ensure that the new clocks can be reset along the
evolution of the system any time it is needed.
Given an augmented time interpreted system Iϕ one can define the indistinguishability relation ∼c ⊆ Sϕ × Sϕ for agent c as follows: s ∼c s0 iff
lc (s) = lc (s0 ) and vc (s) = vc (s0 ).
The Ey CTLK language. In order to translate a RTECTLK formula ϕ
into the corresponding Ey CTLK formula ψ we map the RTECTLK language
into Ey CTLK by reinterpreting the temporal operators, denoted by Ey U and
Ey G. Formally, for p ∈ PV 0 , c ∈ A, and Γ ⊆ A, the Ey CTLK formulae are
defined by the following grammar:
ϕ := > | ⊥ | p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | Ey (ϕUϕ) | Ey Gϕ | Kc ϕ | EΓ ϕ | DΓ ϕ | CΓ ϕ
In addition, we introduce some useful derived temporal modalities:
def

• Ey (ϕRψ) = Ey (ψU(ϕ ∧ ψ)) ∨ Ey Gψ (release),
def

• Ey Fϕ = Ey (>Uϕ) (eventually).
The Ey CTLK formulae are interpreted over the abstract model Mϕ . Let
TI denote the part of Tϕ , where transitions are labelled with elements of
Act ∪ {τ }, and Ty denotes the transitions that reset the clock y.
Definition 1. A path π in Mϕ is a sequence π = (s0 , s1 , . . .) of states
such that (s0 , τ, s1 ) ∈ TI , and for each i > 0, either (si , ai , si+1 ) ∈ TI or
(si , τ, si+1 ) ∈ TI , and if (si , ai , si+1 ) ∈ TI holds, then (si+1 , τ, si+2 ) ∈ TI
holds, and ai ∈ Act for each i ≥ 0.
Observe that the above definition of the path ensures that the first transition is the time one, and between each two action transitions at least one
time transition appears.
For a path π, π(i) denotes the i-th state siSof π. Πϕ (s) denotes the set
of all the paths starting at s ∈ Sϕ , and Πϕ = s0 ∈ιϕ Πϕ (s0 ).
The satisfiability relation |=, which indicates truth of ψ in Mϕ at state s
(in symbols Mϕ , s |= ψ), is defined inductively with the classical rules for
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propositional operators and with the following rules for the temporal and
epistemic modalities:
• Mϕ , s |= Ey (αUβ) iff (∃s0 ∈ Sϕ )((s, (1 , . . . , n , ay ), s0 ) ∈ Ty and
(∃π ∈ Πϕ (s0 ))(∃m ≥ 0) [Mϕ , π(m) |= β and (∀j < m)Mϕ , π(j) |= α]),
• Mϕ , s |= Ey Gα iff (∃s0 ∈ Sϕ )((s, (1 , . . . , n , ay ), s0 ) ∈ Ty and
(∃π ∈ Πϕ (s0 ))(∀m ≥ 0) Mϕ , π(m) |= α),
• Mϕ , s |= Kc α iff (∃π ∈ Πϕ )(∃m ≥ 0)(s ∼c π(m) and Mϕ , π(m) |= α),
• Mϕ , s |= Y Γ α iff (∃π ∈ Πϕ )(∃m ≥ 0)(s ∼YΓ π(m) and Mϕ , π(m) |= α).
An Ey CTLK formula ϕ is valid on Mϕ (denoted Mϕ |= ϕ) iff Mϕ , s0 |= ϕ
for some s0 ∈ ι, i.e., ϕ is true at some initial state of the model Mϕ .
Having defined syntax and semantics of the Ey CTLK logic, we can now
introduce the translation mentioned above. An RTECTLK formula ϕ is
translated inductively into the Ey CTLK formula H(ϕ) as follows:
• H(p) = p if p ∈ PV 0 , H(¬p) = ¬p if p ∈ PV 0 ,
• H(α ∨ β) = H(α) ∨ H(β), H(α ∧ β) = H(α) ∧ H(β),
• H(EGI α) = Ey G(¬py∈I ∨ H(α)),
• H(E(αUI β)) = Ey (H(α)U(H(β) ∧ py∈I )),
• H(Kc α) = Kc H(α), H(Y Γ α) = Y Γ H(α), where Y ∈ {D, E, C}.
The main theorem of the section states that the validity of the RTECTLK
formula ϕ over the timed model is equivalent to the validity of the corresponding Ey CTLK formula H(ϕ) over the abstract model. The proof of the
theorem can be completed by an induction of the formula ϕ.
Theorem 1. Let M be the timed model, ϕ an RTECTLK formula, and Mϕ
the abstract model. Then, M |= ϕ iff Mϕ |= H(ϕ).
4. An SAT-based BMC method for Ey CTLK
Bounded semantics. Let Mϕ = (Σϕ , ι, Sϕ , Tϕ , Vϕ ) be an abstract model,
k ∈ IN, and 0 ≤ l ≤ k. As before, we denote by TI the subset of Tϕ , where
transitions are labelled with elements of Act ∪ {τ }, and by Ty the set of
transitions resetting the clock y.
Definition 2. A k-path π is a finite sequence π = (s0 , . . . , sk ) of states
such that (s0 , τ, s1 ) ∈ TI , and for each 0 < i < k, either (si , ai , si+1 ) ∈ TI
or (si , τ, si+1 ) ∈ TI , and if (si , ai , si+1 ) ∈ TI holds, then (si+1 , τ, si+2 ) ∈ TI
holds, and ai ∈ Act for each 0 ≤ i < k.
The symbol
the set of all the k-paths starting at s in Mϕ ,
S Πk (s) denotes
0
and Πk = s0 ∈ιϕ Πk (s ).
Definition 3. Let π(i) = ((`i1 , v1i ), . . . , (`in , vni ), (`iE , vEi )) for all i ≤ k. A kpath π = (π(0), . . . , π(k)) is a loop if there exists 0 ≤ l < k and (∀c ∈
A ∪ {E})(`kc = `lc ) and (∀c ∈ A)(vck = vcl ) and vEk ↓XE = vEl ↓XE , where ↓ XE
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denoted the projection of the clock valuation vE : XE ∪ {y} → IN on the clock
valuation vE0 : XE → IN.
Satisfaction of the temporal operator Ey G on a k-path π in the bounded
case depends on whether or not π is a loop. Therefore, we assume a function
loop : Πk 7→ 2IN which returns the set of all the indices of the states for which
there is a transition from the last state of a k-path π. Note that if a k-path
is a loop, then it represents an infinite path.
The bounded satisfiability relation |=k , which indicates truth of ψ in Mϕ at
state s (denoted Mϕ , s |=k ψ) is defined inductively with the classical rules
for propositional operators and with the following rules for the temporal
and epistemic modalities:
• Mϕ , s |=k Ey (αUβ) iff (∃s0 ∈ Sϕ )((s, (1 , . . . , n , ay ), s0 ) ∈ Ty and (∃π ∈
Πk (s0 ))(∃0 ≤ m ≤ k) (Mϕ , π(m) |=k β and (∀j < m)Mϕ , π(j) |= α)),
• Mϕ , s |=k Ey Gα iff (∃s0 ∈ Sϕ )((s, (1 , . . . , n , ay ), s0 ) ∈ Ty and
(∃π ∈ Πk (s0 ))(∀0 ≤ j ≤ k) (Mϕ , π(j) |= α and loop(π) 6= ∅),
• Mϕ , s |= Kc α iff (∃π ∈ Πk )(∃0 ≤ m ≤ k)(s ∼c π(m) and Mϕ , π(m) |= α),
• Mϕ , s |= Y Γ α iff (∃π ∈ Πk )(∃0 ≤ m ≤ k)(s ∼YΓ π(m) and M, π(m) |= α),
where Y ∈ {D, E, C}.
We use the following notation Mϕ |=k ψ iff Mϕ , s0 |=k ψ for some s0 ∈ ιϕ .
The bounded model checking problem consists in finding out whether there
exists k ∈ IN such that Mϕ |=k ψ.
The following theorem shows that for some particular bound the bounded
and unbounded semantics are equivalent.
Theorem 2. Let ϕ be an RTECTLK formula, Mϕ an abstract model, and
ψ = H(ϕ) an Ey CTLK formula. The following equivalence holds: Mϕ |= ϕ
iff there exists k ≥ 0 such that Mϕ |=k ψ.
Translation to SAT. Let Mϕ be an abstract model, ψ an Ey CTLK formula, and k ≥ 0 a bound. The presented propositional encoding of the
BMC problem for Ey CTLK improves the BMC encoding of [8] and it is
based on the BMC encoding of [16]. It relies on defining the propositional
formula [Mϕ , ψ]k := [Mϕψ,ι ]k ∧ [ψ]Mϕ ,k , which is satisfiable if and only if
Mϕ |=k ψ holds.
The definition of [Mϕ , ψ]k assumes that both the states and the joint
actions of Mϕ are encoded symbolically. This is possible, since both the set
of states and the set of joint actions are finite. Also, since we work with a set
of k-paths, we can bound the clocks valuation to the set D = {0, . . . , c + 1}
with c being the largest constant appearing in any enabling condition or
state invariants of all the agents and in intervals appearing in ϕ. Moreover,
this definition assumes knowledge of the number of k-paths of Mϕ that are
sufficient to validate ψ. To this aim, as usually, we define the auxiliary
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function fk : Ey CT LK → IN: fk (>) = fk (⊥) = fk (p) = fk (¬p) = 0,
where p ∈ PV 0 ; fk (α ∧ β) = fk (α) + fk (β); fk (α ∨ β) = max{fk (α), fk (β)};
fk (Ey (αUβ)) = k · fk (α) + fk (β) + 1 ; fk (Ey Gα) = (k + 1) · fk (α) + 1;
fk (CΓ α) = fk (α) + k; fk (Y α) = fk (α) + 1 for Y ∈ {Kc , DΓ , EΓ }.
Formally, let c ∈ A. We assume that each state s ∈ Sϕ is represented by
a symbolic state w = ((w1 , v1 ) . . . , (wn , vn ), (wE , vE )), where each symbolic
local state (wc , vc ) is a pair of vectors of propositional variables; the first
element encodes local states of Lc and the second element encodes the
clock valuations over D. Next, we assume that each join action a ∈ Act is
represented by a symbolic action a = (a1 , . . . , an , aE ), where each symbolic
local action ac is a vector of propositional variables. Moreover, we assume
that the time action τ is represented by a proposition variable ℘τ . Finally,
we assume a symbolic representation of a k-path π, the number of which
is j, and we call it the j-th symbolic k-path π j = (w0,j , . . . , wk,j ), where
0 ≤ j < fk (ψ), 0 ≤ i ≤ k, and wi,j is a symbolic state.
Let w and w0 be two different symbolic states, and a a symbolic action.
We assume definitions of the following auxiliary propositional formulae:
• p(w) - encodes the set of states of Mϕ in which p ∈ PV 0 holds.
• Is (w) - encodes the state s of Mϕ .
• Hc (w, w0 ) - encodes the equality of two local states and two local clock
valuations of V
agent c ∈ A.
• H(w, w0 ) := c∈A∪{E} Hc (w, w0 ) - encodes equality of two global states.
• T (w, a, w0 ) is a formula over w, w0 , and a, which is true for valuations sw
of w, sw0 of w0 , and sa of a iff either (sw , sa , sw0 ) ∈ TI or (sw , ℘τ , sw0 ) ∈ TI
(encodes non-resetting transitions of Mϕ ).
• Ty (w, w0 ) is a formula over w and w0 , which is true for two valuations sw
of w and sw0 of w0 iff (sw , (1 , . . . , n , ay ), sw0 ) ∈ Ty (encodes transitions
resetting the clock y).
Let Fk (ψ) = {j ∈ IN | 1 ≤ j ≤ fk (ψ)}, wi,j and ai,j be, respectively,
symbolic states and symbolic actions, for 0 ≤ i ≤ k and j ∈ Fk (ψ). The
formula [Mϕψ,ι ]k , which encodes the unfolding of the transition relation of
Mϕ fk (ψ)-times to the depth k, is defined as follows:
[Mϕψ,ι ]k

:=

_
s∈ι

Is (w0,0 ) ∧

fk (ψ) k−1
^ ^

T (wm,n , am,n , wm+1,n ).

n=1 m=0

The next step is a translation of a Ey CTLK formula ψ to a propositional
[0,0,Fk (ψ)]
[m,n,A]
formula [ψ]Mϕ ,k := [ψ]k
, where [α]k
denotes the translation of
α at the symbolic state wm,n by using the set A ⊆ Fk (ψ). To define
[0,0,Fk (ψ)]
[ψ]k
, we have to know how to divide the set Fk (ψ) into subsets
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needed for translating the subformulae of ψ. To accomplish this goal we
G
use some auxiliary functions (gl , gr , gs , hU
k , hk ) that were defined in [16].
Let Mϕ be a model, ψ a Ey CT LK formula, and k ≥ 0 a bound. The
[0,0,Fk (ψ)]
formula [ψ]k
that encodes the bounded semantics for Ey CTLK is
inductively defined as shown below.
U
Namely, let 0 6 n < fk (ψ), m 6 k, n0 = min(A), hU
k = hk (gs (A), fk (β)),
G
G
and hk = hk (gs (A), fk (α)).
[m,n,A]
[m,n,A]
[>]k
:= >, [⊥]k
:= ⊥,
[m,n,A]
[m,n,A]
[p]k
:= p(wm,n ), [¬p]k
:= ¬p(wm,n ),
[m,n,A]
[m,n,gl (A,fk (α))]
[m,n,gr (A,fk (β))]
[α ∧ β]k
:= [α]k
∧ [β]k
,
[m,n,A]
[m,n,gl (A,fk (α))]
[m,n,gl (A,fk (β))]
[α ∨ β]k
:= [α]k
∨ [β]k
,
k
i−1
_
^ [j, n0 ,hU (j)]
[i,n0 ,hU
[m,n,A]
k (k)]
k
[Ey (αUβ)]k
:= Ty (wm,n , w0,n0 ) ∧ ([β]k
∧
[α]k
),
i=0
[m,n,A]

[Ey Gα]k

[m,n,A]

[Kc α]k

:= Ty (wm,n , w0,n0 )∧
:= (

_

Is (w0,n0 )) ∧

s∈ι
[m,n,A]

[DΓ α]k

:= (

_

Is (w0,n0 ))∧

s∈ι
[m,n,A]

[EΓ α]k

[m,n,A]

[CΓ α]k

:= (
:= [

_

Is (w0,n0 ))∧

s∈ι
k
_

k
^

j=0
[j,n0 ,hG
k (k)]

[α]k

j=0
k
_

[j,n0 ,gµ (A)]

[j,n0 ,gµ (A)]

([α]k

j=0
k
_

[j,n0 ,gµ (A)]

([α]k

[m,n,A]

∧

∧ Hc (wm,n , wj,n0 )),
^

Hc (wm,n , wj,n0 )),

c∈Γ

j=0

(EΓ )j α]k

H(wk,n0 , wl,n0 ),

l=0

([α]k

j=0
k
_

∧

k
_

∧

_

Hc (wm,n , wj,n0 )),

c∈Γ

.

j=1

The following theorem guarantees that the BMC problem for Ey CTLK
and for an augmented timed interpreted system can be reduced to the SATproblem. The theorem can be proven by induction on the length of the
formula ψ.
Theorem 3. Let Mϕ be an abstract model, and ψ an Ey CTLK formula. For
every k ∈ IN, Mϕ |=k ψ if, and only if, the propositional formula [Mϕ , ψ]k
is satisfiable.
5. Conclusions
We have defined an SAT-based BMC for timed interpreted system and for
properties expressed in RTECTLK. The method is based on a translation of
the model checking problem for RTECTLK to the model checking problem
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for Ey CTLK, and then on the translation of the model checking problem
for Ey CTLK to the SAT-problem.
In [8] a formalism of real time interpreted systems (RTIS) has been defined to model MASs with hard real-time deadlines and an SAT-based BMC
for the existential version of the timed CTLK (TECTLK) has been defined.
However, in contrast to the semantics adopted in this work, the semantics
of the RTIS model is asynchronous, the agents are just pure timed automata, and the Ey CTLK logic is interpreted on the region graph for timed
automata.
In the future, we plan to implement and experimentally evaluate the
proposed SAT-based BMC. Next, we plan to define SMT-based BMC for
TIS and for RTECTLK, and compare it with the SAT-based one.

References
[1] R. Alur, C. Courcoubetis, and D. Dill. Model checking in dense real-time. Information and Computation, 104(1):2–34, 1993.
[2] E. Clarke, A. Biere, R. Raimi, and Y. Zhu. Bounded model checking using satisfiability solving. Formal Methods in System Design, 19(1):7–34, 2001.
[3] E. A. Emerson. Temporal and modal logic. In J. van Leeuwen, editor, Handbook
of Theoretical Computer Science, volume B, chapter 16, pages 996–1071. Elsevier
Science Publishers, 1990.
[4] E. A. Emerson, A.K. Mok, A. P. Sistla, and J. Srinivasan. Quantitative temporal
reasoning. Real-Time Systems, 4(4):331–352, December 1992.
[5] R. Fagin, J. Y. Halpern, Y. Moses, and M. Y. Vardi. Reasoning about Knowledge.
MIT Press, Cambridge, 1995.
[6] J. Gu, P. Purdom, J. Franco, and B. Wah. Algorithms for the satisfiability (SAT)
problem: a survey. In Satisfiability Problem: Theory and Applications, volume 35 of
Discrete Mathematics and Theoretical Computer Science(DIMASC), pages 19–152.
American Mathematical Society, 1996.
[7] H. Levesque. A logic of implicit and explicit belief. In Proceedings of the 6th National
Conference of the AAAI, pages 198–202. Morgan Kaufman, 1984.
[8] A. Lomuscio, W. Penczek, and B. Woźna. Bounded model checking for knowledge
and real time. Artificial Intelligence, 171:1011–1038, 2007.
[9] A. Lomuscio and M. Sergot. Deontic interpreted systems. Studia Logica, 75(1):63–92,
2003.
[10] W. Penczek and A. Lomuscio. Verifying epistemic properties of multi-agent systems
via bounded model checking. Fundamenta Informaticae, 55(2):167–185, 2003.
[11] M. Wooldridge. An introduction to multi-agent systems. John Wiley & Sons, 2002.
[12] B. Woźna-Szcześniak. Bounded model checking for the existential part of Real-Time
CTL and knowledge. In Proceedings of 4th IFIP TC2 Central and Eastern European
Conference on Software Engineering Techniques, pages 178–191, 2009.
[13] B. Woźna-Szcześniak, A. M. Zbrzezny, and A. Zbrzezny. The BMC method for the
existential part of RTCTLK and interleaved interpreted systems. In Proceedings of
the 15th Portuguese Conference on Artificial Intelligence (EPIA’2011), volume 7026
of LNAI, pages 551–565. Springer-Verlag, 2011.

SAT-BMC FOR TIS AND FOR RTECTLK

81

[14] Bożena Woźna-Szcześniak. Checking EMTLK properties of timed interpreted systems via bounded model checking. In Proceedings of the 2014 International Conference on Autonomous Agents and Multi-agent Systems, pages 1477–1478. IFAAMS,
2014.
[15] A. Zbrzezny. Improving the translation from ECTL to SAT. Fundamenta Informaticae, 85(1-4):513–531, 2008.
[16] A. Zbrzezny. A new translation from ECTL∗ to SAT. Fundamenta Informaticae,
120(3-4):377–397, 2012.

Received: September 2015
Bożena Woźna-Szcześniak
Jan Długosz University in Częstochowa
Institute of Mathematics and Computer Science
Al. Armii Krajowej 13/15, 42-200 Częstochowa, Poland
E-mail address: b.wozna@ajd.czest.pl
Ireneusz Szcześniak
Częstochowa University of Technology
Institute of Computer and Information Sciences
ul. Dąbrowskiego 69, 42-201 Częstochowa, Poland
E-mail address: iszczesniak@icis.pcz.pl

Scientific Issues
Jan Długosz University
in Częstochowa
Mathematics XX (2015)
83–92
DOI http://dx.doi.org/10.16926/m.2015.20.09

SMT-BASED REACHABILITY ANALYSIS
FOR SIMPLY-TIMED SYSTEMS
AGNIESZKA M. ZBRZEZNY, ANDRZEJ ZBRZEZNY

Abstract
In the paper we present Satisfiability Modulo Theory based (SMT-based) reachability
analysis algorithm for Simply-Timed Systems (i.e., Kripke structures where each transition holds a duration, which is an arbitrary natural number) generated by simply-timed
automata. The algorithm is based on a SMT-based encoding for Simply-Timed Systems.
We have tested the algorithm in question by using the generic simply timed pipeline paradigm model as the benchmark. The performance evaluation of the algorithm is given
by means of the running time and the memory used.

1. Introduction
Model checking has been proposed independently by Clarke and Emerson [11], and by Quielle and Sifakis [22] as a method for automatic and
algorithmic verification of finite state concurrent systems, and impressive
strides have been made on this problem over the past thirty years [10, 12].
Model checking of real-time [2, 3, 14, 4] and multi-agent systems [15, 23] is
a very active field for both theoretical research and practical applications.
The practical applicability of model checking in real-time, and multiagent settings has required the development of sophisticated means of coping with what is known as the state explosion problem. It means that the
• Agnieszka M. Zbrzezny — Jan Długosz University in Częstochowa.
Partly supported by National Science Centre under the grant No.
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number of model states grows exponentially in the size of the system representation. To avoid this problem a number of state reduction techniques
and symbolic model checking approaches have been developed.
Verification of real-time systems (i.e., systems in which the total correctness of a computation depends not only on its logical correctness, but
also on a certain subset of deadlines in which it is performed) is an actively developing field of research [3, 25, 9, 24, 16, 21]. Popular models of
such systems include timed automata [1], time Petri nets [19], and simplytimed systems (STSs) [18], i.e., Kripke models where each transition holds
a duration, which can be any integer value (including zero). For those
models several approaches based on model checking have been proposed
[3, 9, 24, 16, 21, 25].
Simply-timed systems are an extension of transition system where each
transition is labelled by a nonnegative STSs allow for transitions that take
a long time, allow transitions to have zero duration and the transitions with
the zero duration allow for counting specific events only and thus omitting
the irrelevant ones from the model checking point of view.
The SMT problem [7] is a generalisation of the SAT problem, where
Boolean variables are replaced by predicates from various background theories, such as linear, real, and integer arithmetic. SMT generalises SAT by
adding equality reasoning, arithmetic, fixed-size bit-vectors, arrays, quantifiers, and other useful first-order theories. Using SMT to express different
problems has important advantages over SAT. If one uses SAT, then, for
example, data must be encoded into a Boolean representation: a bit-vector
must be represented as just its individual bits, for example. In contrast, an
SMT encoding can represent the bit-vector directly, and may be able to reason more efficiently at the bit-vector level of abstraction, without resorting
to bit-level reasoning (though this may sometimes be necessary).
In analogy with SAT, SMT procedures are usually referred to as SMT
solvers. Present-day SMT research started in the late 1990s with different
independent attempts [6, 17, 5, 20, 8] to build more scalable SMT solvers
by exploiting advances in SAT technology. Over the last ten years a great
deal of interest and research on the foundational and practical aspects of
SMT was seen. SMT solvers have been developed in academia (Carnegie
Mellon University, DISI-University of Trento, University of Lugano) and
industry (Microsoft Research, Fondazione Bruno Kessler) with increasing
scope and performance. An SMT solver is a tool for deciding the satisfiability (or dually the validity) of formulae in a number of theories. SMT solvers
enable applications such as extended static checking, predicate abstraction,
test case generation, and bounded model checking over infinite domains, to
mention a few.
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SAT can encode operations and relations on bounded integers using
bitvector representation, with adders etc. represented as Boolean circuits
and other finite data types and structures but cannot do not unbounded
types (e.g. reals), or infinite structures (e.g. queues, lists) and even bounded
arithmetic can be slow when it is large. There are fast decision procedures
for these theories but their basic form works only on conjunctions. General propositional structure requires case analysis and that is what an SMT
solver does.
The rest of the paper is organised as follows. We begin in 2 by introducing
simply-timed systems. In Section 3 we present our simple translation to
SMT. In Section 4 we present reachability algorithm. In Section 5 we discuss
our experimental results. In the last section we conclude the paper.
2. Preliminaries
2.1. Simply-timed systems. Simply-timed systems [25] are an extension
of transition system where each transition is labelled by a nonnegative integer. There are three main reasons why it is interesting to consider STSs
instead of standard Kripke models. First, STSs allow for transitions that
take a long time, e.g. 100 time units. Such transitions could be simulated
in standard Kripke models by inserting 99 intermediate states. But this
increases the size of the model, and so it makes the model checking process
more difficult. Second, STSs allow transitions to have zero duration. This
is very convenient in models where some steps are described indirectly, as a
short succession of micro-steps. Third, the transitions with the zero duration allow for counting specific events only and thus omitting the irrelevant
ones from the model checking point of view.
Definition 1. A simply-timed system (STS for short), also called a model,
is a tuple M = (S, T , Act, s0 , AP, L, d), where S is a nonempty finite set
of states, s0 ∈ S is the initial state, Act is a nonempty set of actions,
T ⊆ S ×Act×S is a transition relation, AP is a set of atomic propositions,
L : S → 2AP is a labelling function that assigns to each state a set of atomic
propositions that are assumed to be true at that state, and d : Act → is a
duration function.

N

Each element t = (s, σ, s0 ) ∈ T represents a transition from the state s
to the state s0 , where σ is the action of the transition t.
From now on we assume that a STS has no terminal states, i.e. for every
s ∈ S there exist s0 ∈ S such that s −→ s0 . Figure 1 displays a simple
σ1
σ2
example of STS. A path in M is an infinite sequence π = s0 −→
s1 −→
σ3
s2 −→ . . . of transitions. For such a path, and for m ∈ , by π(m) we
denote the m-th state of π by sm . For j ≤ m ∈ , π[j..m] denotes the

N

N
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Figure 1. A simple STS.
σj+1

σj+2

finite sequence sj −→ sj+1 −→ . . . sm with m − j transitions and m − j + 1
states. The (cumulative) duration Dπ[j..m] of such a finite sequence is
d(σj+1 ) + . . . + d(σm ) (hence 0 when j = m). By Π(s) we denote the set of
all the paths starting at s ∈ S. Moreover we define a k − path as a finite
sequence π = (s0 , ..., sk ) of states such that sj −→ sj+1 for each 0 ≤ j < k.
Let M = (S, −→, Act, s0 , AP, L, d) be a model and s be a state. The
state s is reachable in the model M if there exists a path π ∈ Π(s0 ) such
that π(k) = s for some k ∈ .
Since concurrent systems are modelled as a set of communicating processes, to verify them, it is reasonable to model communicating processes
by a network of STSs that run in parallel, communicate with each other via
shared actions and perform transitions with shared actions synchronously.

N

3. Translation to SMT
We have implemented a translation to SMT strictly following the translation to SAT (for details see for example [26]). In our translation to SMT
states, durations and actions are represented by natural variables. Since M
is a parallel composition of a finite number n of finite transition system,
every state of M can be encoded as a natural number vector of the length
n. Thus, each state of M can be represented by a valuation of a vector
(called a symbolic state) of different individual variables called individual
state variables. Moreover, every action of M can be represented by a valuation of an individual variable. Furthermore, k-paths can be represented
as vectors of k + 1 symbolic states.
3.1. Bounded Model Checking. Now let us recall the BMC method of
checking a reachability property represented by a given quantifier-free firstorder formula ϕ(w, d), where w is a symbolic state and d is a symbolic
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duration. Let I(w0 , d0 ) be a quantifier-free first-order formula that represents the initial state and T ((w, d), (w0 , d0 )) be a quantifier-free first order
formula that encodes any possible transition. Now let us define the formula
[M]k that represents the unfolding to the depth k of the transition relation
of M:
k−1
^
[M]k :=
T ((wi , di ), (wi+1 , di+1 ))
i=0

In order to check the reachability property represented by the formula ϕ
one has to check the satisfiability of the following conjunction:
[M]ϕ
k := I(w0 , d0 ) ∧ [M]k ∧ ϕ(wk , dk )
starting with k = 0. If for a given k the formula [M]ϕ
k is not satisfiable, then
k is increased and the resulting formula is to be checked by a SMT-solver
again.
The method described relies on the following theorem.
Theorem 1. Let M be a model and ϕ be a quantifier-free first-order formula. Then, there exists a reachable state in the set of states represented
by the formula ϕ if, and only if, the formula [M]ϕ
k is satisfiable for some
k∈ .

N

Example 1. We use the generic simply-timed pipeline paradigm (GSPP)
[25] as the benchmark. A network of STSs that models GSPP is shown
in Fig. 2. We have n + 2 automata (n automata representing Nodes, one
start
start

Node1 Ready-0

···

Noden Ready-0

ProdReady-0

ConsReady-0

start
Send1

Produce

start

Send1

Sendn
Node1 Proc-1

Proc1

Send2

Noden Proc-1

Sendn+1 Sendn+1

Consume

Procn

ProdSend-1

ConsReceived-1
Node1 Send-2

Noden Send-2

Figure 2. A network of STSs that models GSPP.
automaton for Producer, and one automaton for Consumer) that run in
parallel and synchronise on actions Sendi (1 6 i 6 n + 1). Action Sendi
(1 6 i 6 n) means that i-th Node has received data produced by Producer.
Action Sendn+1 means that Consumer has received data produced by Producer. Action P roci (1 6 i 6 n) means that i-th Node processes data.
Action P roduce means that Producer generates data. Action Consume
means that Consumer consumes data produced by Producer.
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We show our translation to SMT for one Node and the following basic
durations: d(P roduce) = 2, d(Sendi ) = 2, d(P roci ) = 4, d(Consume) = 2,
on the reachability property that the state ConsRecieved is reachable in
time less or equal to (2·coefficient)+(2·coefficient)·(n+1)+(4·coefficient)·n,
where coefficient = 1.
Let π be a symbolic path of the length k. Stating that π(i) is the initial
state is encoded as the following formula I(i):
wi,0 = 0 ∧ wi,1 = 0 ∧ wi,2 = 0 ∧ di = 0,
where wi,j denotes the local state of the j-th component at the depth i of
the path π, and di denotes the symbolic duration at the depth i of the path.
The transition from the state π(i) to the state π(i + 1) of the path π is
encoded as the following formula T (i), where 0 ≤ i < k:
(wi,0 = 0 ∧ wi+1,0 = 1 ∧ wi,1 = wi+1,1 ∧ wi,2 = wi+1,2 ∧ d1 = 2) ∨

(wi,0 = 1 ∧ wi+1,0 = 0 ∧ wi,1 = 0 ∧ wi+1,1 = 1 ∧ wi,2 = wi+1,2 ∧ d1 = 2) ∨
(wi,1 = 2 ∧ wi+1,1 = 0 ∧ wi,2 = 0 ∧ wi+1,2 = 1 ∧ wi,0 = wi+1,0 ∧ d1 = 2) ∨
(wi,1 = 1 ∧ wi+1,1 = 2 ∧ wi,0 = wi+1,0 ∧ wi,2 = wi+1,2 ∧ d1 = 4) ∨
(wi,2 = 1 ∧ wi+1,2 = 0 ∧ wi,0 = wi+1,0 ∧ wi,1 = wi+1,1 ∧ d1 = 2)

Now, the symbolic path of the length k is encoded as the following formula:
I(0) ∧

k−1
^

T (i)

i=0

The reachability property for the path of the length k is encoded in the
following way:
k
X
wk,2 = 1 ∧
di ≤ 10
i=0

4. Reachability algorithm
Given a simply-timed system and a property p (by a property we mean
a set of states), the reachability problem consists in establishing whether a
state satisfying p is reachable from the initial state of the system. To solve
this problem we propose a method, which combines the well-known forward
reachability analysis and Bounded Model Checking (BMC) method for STSs
[25]. The forward reachability algorithm searches the state space by moving
from one state to its successors in the Breadth First mode, whereas BMC
performs a verification on a part of the model exploiting SMT solvers.
To check reachability of a state satisfying the property p, we unfold iteratively the transition relation of a simply-timed system in k steps. Then,
the unfolding is encoded by a propositional formula, which characterises the
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set of all the feasible paths through the transition relation with the length
smaller than or equal k. Next, we translate the property p to a quantifierfree formula. Finally, the formula representing the „unfolded” transition
relation and the property p is tested for satisfiability using Z3 [13]. The
unfolding of the transition relation can be terminated when either a state
satisfying the property has been found or all the states of the STS have
been searched.
5. Experimantal Results
We have performed our experimental results on a computer equipped with
I7-3770 processor, 32 GB of RAM, and the operating system Linux. We have
tested the GSPP problem with the following basic durations: d(P roduce) =
2, d(Sendi ) = 2, d(P roci ) = 4, d(Consume) = 2, and their multiplications
by 1, 1000 and 1000000, on the reachability property stating that the state
ConsRecieved is reachable in time that is less or equal to (2 · coefficient +
(2 · coefficient) · (n + 1) + (4 · coefficient) · n, where coefficient ∈ .
In Figure 3 we present a comparison of total time usage and total memory
usage of the reachability property for coefficient = 1.
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Figure 3. The total time usage and total memory usage of
the reachability property for coefficient = 1.
In Figure 4 we present a comparison of total time usage and total memory
usage of the reachability property for coefficient = 1000.
In Figure 5 we present a comparison of total time usage and total memory
usage of the reachability property for coefficient = 1000000.
6. Conclusions
In this paper we have presented a SMT-based BMC reachability analysis
algorithm for Simply-Timed Systems generated by simply-timed automata.
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Figure 4. The total time usage and total memory usage of
the reachability property for coefficient = 1000.
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Figure 5. The total time usage and total memory usage of
the reachability property for coefficient = 1000000.

The experimental results show performance of our SMT-based BMC reachability algorithm. More precisely our SMT-based BMC algorithm is insensitive to scaling up the durations. Time usage decreases with increase of
coefficient. In our SMT-BMC reachability analysis algorithm we use the
state of the art SMT-solver Z3 [13] (http://z3.codeplex.com/).
We should notice that the implementation of the SMT-based BMC reachability analysis algorithm for Simply-Timed Systems we used for performing
the experiments is our first implementation that uses SMT solvers. Therefore, we hope to improve the implementation in the near future by taking
many advantages of possibilities (of SMT-solvers) that we did not use so
far.
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