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Abstract

T o da y the v on Neumann in v en tion of cellular automata is one of imp ortan t

to ols of arti�cial in telligence researc hes. Cellular automata sho w their usage

in sim ultaneous calculations, creating data bases and sim ulating ph ysical

pro cesses. The goal of this article is to in tro duce to the learning system

called CELLS, whic h manner of w ork is directly connected with the cellular

automata ev olution rules.

1 In tro duction

The CELLS system is a t yp e of a learning system with sup ervision.

Kno wledge in alik e systems is isolated from the set of v ector pairs

hWi ; Woi , in whic h the �rst elemen ts (Wi ) indicate questions for a

studen t, the second ones (Wo) are desired answ ers for the ask ed ques-

tions. Starting from the analysis of the ab o v e �nite set of v ector pairs

the system has to create an algorithm of giving correct answ ers for as

big as p ossible set of probable questions, also those, whic h ha v e not

o ccurred in the training set.

Let the training pair b e denoted as structure of t w o m -elemen ts

sequences
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PT = hWi ; Woi = hhci 1 ; ci 2 ; : : : ; ci m i ; hco1 ; co2 ; : : : ; com ii ;

where ci j ; coj 2 C and C is a �nite nonempt y set. The main idea

of the learning systems CELLS is that the sequences Wi and Wo are

treated within it as neigh b ouring lines of some one-dimensional cellular

automaton. It is assumed that:

� only sequences from one giv en test, whic h means from one giv en

pair hWi ; Wo; i are in the nearest distance with eac h other;

� the sequence Wi precedes the sequence Wo (and not the rev erse);

� the distance b et w een di�eren t tests (di�eren t pairs hWi ; Woi )

from the training set is arbitrary (unkno wn).

The aim of the CELLS system is �nding suc h a cellular automaton

whic h ev olution rules will c hange the sequence Wi in to the sequence

Wo b eing adequate to it. A learning system based on cellular automata

construction distinguishes itself b y:

� abilit y of creating simple algorithms whic h c hange input se-

quences in to output ones;

� resistance from noise;

� p ossibilit y of sim ultaneous con v erting the input sequences of dif-

feren t length limited only b y computer coun ting p o w er.

2 The basic theorems and de�nitions

2.1 One-dimensional cellular automaton

One-dimensional c el lular automaton CA is most often de�ned as a

pair

CA = hC; f CA i ; (1)

where C is an y nonempt y �nite set, f CA is a function whic h determines

ev olution rules CA :

f CA (L k) = L k+1 ; L k = hck1 ; ck2 ; : : : ; ckm i ; ck i 2 C: (2)
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After giving the initial con�guration L0 the action of one-dimensional

cellular automaton consists in cyclically replacing the system L k b y the

next one L k+1 according to ev olution rules determined b y the function

f CA [5].

De�nition 2.1 Let the initial con�guration L0 and ev olution rules

f CA b e giv en. The �rst n lines of ev olution of one-dimensional cellular

automaton from the system L0 will b e called the CA pr o duct .

The function f CA is called a glob al rule , unlik e the function gCA

called a lo c al rule . The function gCA determines transformation of

the cell ck i from the system L k in to the cell c(k+1) i from the system

L k+1 according to ck i and a state of neigh b ouring cells. It is sp eci�c

for the cellular automata to apply one rule gCA to ev ery cell of the

con�guration L k . The lo cal rule gCA com bined with the concept of its

cyclical use for eac h cell L k form global rule f CA . The function f CA

can b e denoted as

c(k+1) 1 = gCA (ck1 ; ck2 ; : : : ; ckm � 1 ; ckm );
c(k+1) 2 = gCA (ck2 ; ck3 ; : : : ; ckm ; ck1 );

.

.

.

c(k+1) m = gCA (ckm ; ck1 ; : : : ; ckm � 2 ; ckm � 1 );

(3)

where ck i 2 L k .

F act 2.1 Let a cellular automaton b e giv en

CA = hC; f CA i ;

let D(f CA ) b e the domain of f CA and let a set A � D(f CA ) b e giv en.

The set F created on the CA pro duct

F =
[

0� k<n � 2

hL k ; L k+1 i

is the function f CA restricted in the domain to a set

A = f L0; L1; : : : ; Ln� 2g:

2.2 Theorem ab out CA pro duct

Let the nonempt y set C , natural n um b er m and m -tuple L 2 Cm
b e

giv en, where Cm
is the Cartesian pro duct of m copies of the set C , i.e.

L = hc1; c2; : : : ; cm i ; where ci 2 C; i 2 f 1; 2; : : : ; mg:
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The n -tuple sequence (n > 1) will b e denoted b y CA

CA = hL0; L1; : : : ; Ln� 1i ; (4)

where

L k = hck1 ; ck2 ; : : : ; ckm i ; k 2 f 0; 1; : : : ; n � 1g:

It is ob vious that

CA 2 Cm � Cm � : : : � Cm
| {z }

n times

; (5)

Let L kp mean a cyclic displacemen t of L k with p steps to left

L kp = hckp+1 ; ckp+2 ; : : : ; ckm ; ck1 ; : : : ; ckp i ; (6)

where 0 � p < m . Let the follo wing pair b e giv en:

Fkp = hL kp ; c(k+1) p i ; (0 � k < n � 1): (7)

The set of all suc h pairs will b e mark ed b y F �
:

F � =
[

0� k<n � 1
0� p<m

Fkp : (8)

It should b e noted that F �
is a relation in the Cartesian pro duct of

Cm
and C :

F � � Cm � C:

Theorem 2.1 The sequence CA is a pro duct of one-dimensional

cellular automaton if set F �
is a function

�
, i.e. the follo wing prop ert y

holds

^

0� k<n � 1
0� k � <n � 1

^

0� p<m
0� p� <m

L kp = L k �
p� ! c(k+1) p = c(k � +1) p� : (9)

Pro of: The pro of results from the metho d of constructing the set

F �
and from fact 2.1.

�
In all cases concerning the set F �

the notion of a function will b e used from

the viewp oin t of the set theory .
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2.3 Minimization of the set F �

De�nition 2.2 Let set Z = f 0; 1g b e giv en and let

NZ = hz0; z1; : : : ; zm i ; zi 2 Z (10)

mean m -tuple ordered structure called further a neighb ourho o d .

A function mapping m -tuple L k in to m0
-tuple L kjNZ (m0 � m) will

b e called the r e duction L k with resp ect to the neigh b ourho o d NZ .

Only those elemen ts from L k for whic h elemen ts from NZ with the

same index ha v e the v alue 1 will b elong to L kjNZ .

The set F �
consisting of pairs Fk = hL kjNZ ; c(k+1) i will b e de-

noted as F �j NZ
. The n um b er of ones in the neigh b ourho o d NZ will b e

called its p o w er. It app ears from the de�nition men tioned ab o v e that

F �j NZ = F �
if and only if the neigh b ourho o d NZ is comp osed only

from ones.

De�nition 2.3 A pro cess of �nding a set F �j NZ
of the smallest

p o w er still b eing a function will b e called minimization of the set F �
.

The neigh b ourho o d NZ is a notion that o ccurs in the theorem of

cellular automata in connexion with lo cal rule notion. The v alue of

the neigh b ourho o d zi = 1 means that the state of the i -th neigh b our

of the curren t cell has an in�uence on the state of the resultan t cell

�
.

F act 2.2 The minimization F �
refers to a searc h of the lo cal rule

gCA for the cellular automaton whic h pro duct w as used to create the

set F �
.

3 Theorem ab out neigh b ourho o d

De�nition 3.1 Let the Bo olean function f : f 0; 1gm ! f 0; 1gn
of the

follo wing form

y1 = f 1(x1; x2; : : : ; xm )
y2 = f 2(x1; x2; : : : ; xm )

.

.

.

yn = f n (x1; x2; : : : ; xm )

(11)

b e giv en.

�
See form ula (3).
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A matrix of a dep endenc e function f (denoted as B(f ) ) will b e

called a matrix of m � n dimension [bij ] with elemen ts

bij =
�

0; if f i is indep enden t from x j ;
1; if f i is dep enden t from x j :

(12)

F act 3.1 The neigh b ourho o d NZ minimizing the set F �
of one-

dimensional cellular automaton pro duct is iden tical to the �rst ro w of

the matrix of dep endence function f CA .

De�nition 3.2 A matrix of m � n dimension [dij ] with elemen ts

dij =
@fi
@xj

= f i (x01 ; : : : ; x0j ; : : : ; x0m ) � f i (x01 ; : : : ; �x0j ; : : : ; x0m );

(13)

will b e called the Bo olean partial deriv ativ e [1] of a function f in a form

(11) at a p oin t x = hx01 ; x02 ; : : : ; x0m i . Here � stands for exclusiv e or

(X OR) op eration, �x means negation of x .

Let a function f ha v e a form f : f 0; 1gm ! f 0; 1g with a domain

D(f ) and let v ectors x; y 2 D(f ) b e giv en. A ccording to de�nition

the i -th elemen t of the deriv ativ e of the function f is equal 1 if for t w o

v ectors x and y ha ving di�eren t i -th comp onen ts the v alues f (x) and

f (y ) are di�eren t.

De�nition 3.1 Let the cellular automaton pro duct CA of n lines

and m elemen ts in line b e giv en and let a set of pairs

�

F � =
[

0� i<n � 1
0� p<m

Fi p ; (14)

created on it b e giv en, where

Fi p = hL i p ; c(i +1) p i ; L i p = hci p+1 ; ci p+2 ; : : : ; ci m ; ci 1 ; : : : ; ci p i ; (15)

ci are elemen ts from th set f 0; 1g. Let a natural n um b er q from the

closed in terv al [1; m] b e giv en.

If in the set F �
exist t w o pairs suc h that

hhx1; x2; : : : ; xq; : : : ; xm i ; ai ; hhy1; y2; : : : ; yq; : : : ; ym i ; bi ;

�
See (6), (7) and (8).
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for whic h

^

1<i<m
i 6= q

x i = yi ; xq 6= yq i a 6= b; (16)

then the neigh b ourho o d elemen t NZ with index q is equal 1.

Pro of: Let the Bo olean deriv ativ e of a function f : f 0; 1gm !
f 0; 1gn

at a p oin t x 2 f 0; 1gm
b e denoted as f 0(x) . Let x run through

the domain D(f ) of a function f . Under the ab o v e assumptions it is

pro v ed that [4]

Supf f 0(x)g = B(f ); (17)

where B(f ) means a matrix of the dep endence function f and Sup
means suprem um of Bo olean deriv ativ e matrices set

�
. The relation F �

created on the CA pro duct ful�ls the condition (9) and it should b e

iden ti�ed with a function of the form f : f 0; 1gm ! f 0; 1g. Therefore,

there exist t w o suc h pairs Fj = hL j ; cj i and Fk = hL k ; ck i for whic h the

systems L j and L k di�er only in the q-th comp onen t of the Bo olean

deriv ativ e at the p oin t L j

F
0� (L j ) = cj � ck : (18)

In the case of function f : f 0; 1gm ! f 0; 1g the matrix of the dep en-

dences function f as w ell as the Bo olean partial deriv ativ e ha v e the

dimension m � 1. Denoting the elemen ts of B(F � ) as bi , the elemen ts

of F 0�(L j ) as ai , according to prop ert y (17) w e ha v e

ai = 1 ! bi = 1; 1 � i � m: (19)

F act (3.1) establishes a relation b et w een the matrix B(f ) = [ bij ] of the

dep endences function f and the neigh b ourho o d NZ in the follo wing

w a y:

b1q = 1 ! NZ = hz1; z2; : : : ; zq� 1; 1; zq+1 ; : : : ; zm i : (20)

Because B(F � ) is a v ector, it holds

bq = 1 ! NZ = hz1; z2; : : : ; zq� 1; 1; zq+1 ; : : : ; zm i (21)

�
Let a set of n matrixes M = f M 1; : : : ; M n g of the same dimension with

elemen ts mij 2 f 0; 1g b e giv en. Suprem um of M is de�ned as follo ws:

Supf M g = M 1 _ M 2 _ : : : _ M n ;

where the op erator _ means the Bo olean sum.
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that ends the pro of.

Example 3.1 Let C = f 0; 1g, m = 5 and let a set F �
b e created

on the CA pro duct b e giv en:

CA :
0 1 0 0 0
1 0 0 0 1
0 0 1 0 1

;

F � =

8
>><

>>:

hh01000i ; 1i ; hh10000i ; 0i ; hh00001i ; 0i ;
hh00010i ; 0i ; hh00100i ; 1i ; hh10001i ; 0i ;
hh00011i ; 0i ; hh00110i ; 1i ; hh01100i ; 0i ;
hh11000i ; 1i

9
>>=

>>;
:

The table placed b elo w includes elemen ts from the set F �
connected

in to pairs in whic h the sequences L kp di�er only in one place.

1 2 3 4 5

hh0 1000i ; 1i hh10 000i ; 0i hh010 00i ; 1i hh0000 1i ; 0i hh10000 i ; 0i
hh1 1000i ; 1i hh11 000i ; 1i hh011 00i ; 0i hh0001 1i ; 0i hh10001 i ; 0i
hh0 0001i ; 0i hh00 100i ; 1i hh000 10i ; 0i hh0010 0i ; 1i hh00010 i ; 0i
hh1 0001i ; 0i hh01 100i ; 0i hh001 10i ; 1i hh0011 0i ; 1i hh00011 i ; 0i

0 1 1 0 0

It should b e noted that 2nd
and 3rd

columns of the table include the

pairs Fj = hL j ; cj i and Fk = hL k ; ck i for whic h cj 6= ck . A ccording to

theorem (3.1) neigh b ourho o d NZ gets nonzero v alue for elemen ts with

indices 2 and 3 whic h means that NZ = h01100i . Hence

F �j NZ = fhh00i ; 0i ; hh01i ; 1i ; hh10i ; 1i ; hh11i ; 0ig :

4 The de�nition of a learning pro cess

of the CELLS system

CELLS is a t yp e of the learning system with the sup ervision. The

main step in the construction of the CELLS system is iden tifying the

training information in it with the set F �
.

De�nition 4.1 A system able to p erform minimization on the

training information set F �
will b e called the learning system CELLS.

Minimization in the CELLS system will b e p erformed on the basis

of the theorem ab out the neigh b ourho o d.
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5 Examples of appications of the CELLS

system

5.1 Example 1

Figure 1 sho ws a pro duct of some cellular automaton ev olution from

random initial con�guration. The aim of the CELLS system w as to

�nd lo cal rules determining the ev olution CA . A dditional di�cult y

consists in including areas with false information in to the pro duct

CA .

The CELLS system recognizes an image as a pro duct of ev olution

of t w o-states ev olution CA (C = f 0; 1g) for rules

NZ = h1; 1; 0; 0; : : : ; 0i ;
gCA = fhh0; 0i ; 0i ; hh0; 1i ; 1i ; hh1; 0i ; 1i ; hh1; 1i ; 0ig

:

Subsequen tly CELLS mark ed areas whic h had not arised as a result

of applying that rule. This is sho wn in Fig. 2.

5.2 Example 2

Similar rule to a rule sho wn in example 1 w as used to �nding early

pathological c hanges in h uman tissue with the use of mammograph y

pictures analysis. It w as assumed that the health y tissue has a con-

struction whic h can b e describ ed b y the ev olution rules of CA with

constan t � of deviation from those rules. Areas with the v alue � higher

than the mean one w ere indicated b y the system as areas with pathol-

ogy (Fig. 3 and 4).

6 Conclusion

There are a lot of ph ysical, c hemical and so cial phenomena for whic h

successful tests of their sim ulating could b e presen ted using cellular

automata. Therefore, it is v alid to create a system whic h will b e

able to �nd rules of the phenomenon ev olution on the basis of the

analysis of the pro duct CA . Suc h a learning system can b e useful in

the analysis of the examined phenomenon and in �nding mec hanisms

ruling its b eha vior.
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Fig. 1. CA pro duct with false areas

Fig. 2. CA pro duct with false areas mark ed b y CELLS
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Fig. 3. Mammograph y picture with areas of pathology mark ed b y CELLS

Fig. 4. Picture 3 with areas of pathology mark ed b y medical sp ecialist
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Abstract. A fragmen tary system of the classical prop ositional calculus, in

whic h the la w CNN�� is v alid instead of the la w C�NN� , is presen ted.

In this article w e presen t a fragmen tary system of the classical

prop ositional calculus, where the la w CNN�� is v alid instead of the

la w C�NN� whic h is t ypical to the in tuitionistic sen ten tial calculus

�
.

The b oth form ulas, whic h are called the la ws of the double nega-

tion, are the la ws of the classical prop ositional calculus. In preparation

of this pap er w e ha v e used the results from [1].

In B. Mates' opinion [2], in the stoical system the follo wing primi-

tiv e rules of inferen tion, whic h are called �nonpro v able�, are v alid:

1. The �rst rule (nonpro v able inference) pro duces the successor

from a conditional statemen t and its predecessor.

�
In this w ork w e use non brac k ets sym b ols of J. Šuk asiewicz. The sym b ol C

means the functor of implication (C�� = � ! � ) , whereas the sym b ol N means

the functor of negation (N� = : � ) .
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2. The second rule pro duces a statemen t con tradictory to the pre-

decessor from a conditional statemen t and a statemen t con tra-

dictory to its successor.

3. The third rule ha ving the negation of conjuction and one of its

terms pro duces a statemen t con tradictory to another term.

4. The fourth rule ha ving the disjunction and one of its terms pro-

duces a statemen t con tradictory to another term.

5. The �fth rule ha ving the disjunction and a statemen t con tradic-

tory to one of its terms pro duces another term.

In the ab o v e �nonpro v ables� there app ears the concept of �the state-

men t con tradictory to some statemen t�, whic h is more general than the

idea of �the negation of some statemen t�. If the sym b ol : � means the

statemem t con tradictory to the statemen t � , then the second �non-

pro v able� can b e written sym b olically as:

(tr) C��; : � j : �:

The sc heme (tr) is the sc heme for the follo wing rules of transp osi-

tion (con trap osition):

(tr1) C��; N� j N�;

(tr2) C�N�; � j N�;

(tr3) CN��; N� j �;

(tr4) CN�N�; � j �:

The �rst �nonpro v able� can b e presen ted in the form of the follo wing

sc heme:

(mp) C��; � j �:

W e restrict our con templation to the implication-negation language

and ignore some considerations ab out the third, fourth and �fth �non-

pro v ables�. Using the consequence function de�ned on the implication-

negation language S, w e can form ulate the rules (mp), (tr1)-(tr4) as:

(RD) Cxy; x 2 Cn(X ) ) y 2 Cn(X );
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(TR1) Cxy; Ny 2 Cn(X ) ) Nx 2 Cn(X );

(TR2) CxNy; y 2 Cn(X ) ) Nx 2 Cn(X );

(TR3) CNxy; Ny 2 Cn(X ) ) x 2 Cn(X );

(TR4) CNxNy; y 2 Cn(X ) ) x 2 Cn(X );

for ev ery x; y 2 S and ev ery X � S.

W e also add the classical deduction theorem [4] to the ab o v e for-

m ulas as:

(DT) y 2 Cn(X [ f xg) ) Cxy 2 Cn(X );

for ev ery x; y 2 S and ev ery X � S.

As the expression (RD) is equiv alen t to the expression

(RD

0
) Cxy 2 Cn(X ) ) y 2 Cn(X [ f xg);

therefore the expressions (RD

0
) and (DT) can b e written in the form

of the follo wing equiv alence:

(CH) y 2 Cn(X [ f xg) , Cxy 2 Cn(X );

where x; y 2 S, X � S.

The expression (CH) generates in one-to-one manner the p ositiv e

implication sen ten tial calculus of Hilb ert [3,4]. This calculus can b e

based on the follo wing set of the axioms:

A = f CC��CC�
C�
; C�C��; CC�C��C�� g:

Moreo v er, let us consider the follo wing theorem ab out the indirect

deduction [1]:

(IDT-I) z; Nz 2 Cn(X [ f yg) ) Ny 2 Cn(X [ f Nzg);
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(IDT-I I) z; Nz 2 Cn(X [ f yg) ) Ny 2 Cn(X );

(IDT-I I I) z; Nz 2 Cn(X [ f Nyg) ) y 2 Cn(X [ f Nzg);

(IDT-IV) z; Nz 2 Cn(X [ f yg) ) y 2 Cn(X );

and the follo wing expression, whic h is t ypical for in tuicionistic implication-

negation sen ten tial calculus INT :

(IC) [z; Nz 2 Cn(X ) _ (z; Nz 2 Cn(X [ f yg) ^ Ny 62Cn(X ))] )

) [v 2 Cn(X ) ^ [z; Nz 2 Cn(X [ f yg) ) Ny 2 Cn(X )]]

for ev ery x; y; z; v 2 S and X � S.

In the w ork [1] it w as sho wn that:

Theorem 1. Under the expression (CH), the transp ositions (TR1)-

(TR4) are equiv alen t to indirect deduction theorems (IDT-I)�(IDT-

IV), resp ectiv ely .

It should b e noted that generally it is easier to pro v e some prop er-

ties of sen ten tial calculus using the indirect deduction theorem rather

than b y other means.

Theorem 2. There are the follo wing relations of resulting b et w een

the expressions (IC), (IDT-I�(IDT-IV):

The rules (tr1)-(tr4) c haracterizing the second �nonpro v able� cor-

resp ond to the follo wing la ws of prop ositional calculus, resp ectiv ely:

(a1) CC��CN�N�;
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(a2) CC�N�C�N�;

(a3) CCN��CN��;

(a4) CCN�N�C��:

W e denote b y ST:I � ST:IV the prop ositional calculi based on the

follo wing sets of axioms, resp ectiv ely:

A1 = A [ f a1g; A2 = A [ f a2g; A3 = A [ f a3g; A4 = A [ f a4g;

where A is a set of the axioms of implication sen ten tial calculus of

Hilb ert.

W e denote sets of theorems of the ab o v emen tioned calculi b y T1 �
T4 , resp ectiv ely . T is a set of theorems of Hilb ert's sen ten tial calculus,

whereas TINT is a set of theorems of in tuicionistic implication-negation

sen ten tial calculus.

It can b e pro v ed [1] that the relations of inclusion are v alid for the

sets T , T1 � T4 (�gure 2).

T � T1 � T2 \ T3 � T2 � TINT � T4; T3 � T4:
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In the w ork [1] it w as pro v ed that:

Theorem 3. The expressions (CH), (TR- j ) generate in one-to-one

manner the sen ten tial calculi ST:j (j = 1; 2; 3; 4).

F rom the ab o v e theorem and the theorem 2 it follo ws that the sets

of theorems TINT and T3 cross o v er and are included in the set of

theorems T4 , i.e. in the set of theorems of the classical implication-

negation prop ositional calculus.

The sets T2 � T4 , TINT can b e obtained in the follo wing w a y:

�

T2 = Der (T1 [ f CC�N�N� g);

T3 = Der (T1 [ f CNN�� g);

TINT = Der (T2 [ f C�CN�� g);

T4 = Der (T2 [ f CNN�� g) = Der (T3 [ f CCN��� g):

On the basis of the indirect deduction theorem (or b y another

means) w e can pro v e that the follo wing sets of theorems include the

corresp onding expressions:

TINT � T3 : C�NN� , CNNN�N� , CC�N�N� ,

CCNN�N�N� , CCNN�N�C�N� ,

CCN�N�C�NN� .

T3 � TINT : CNN�� , CCN��CN�� , CCN��CN�� .

T3 \ TINT : C�N�� , CCN��CN�CN�� , CC�N�C�N� ,

CC��CN�N� , CC��C�CN�N� ,

CCN��CN�CN�� , CC��CC�N�CN�N� .

T4 � (T3 [ TINT ) : CCN��� , CCN�N�C�� .

It is ob vious that the system INT includes the theorem CNNN�N� ,

whic h is a w eak v ersion of the theorem CNN�� b elonging to the sys-

tem ST:3. The b oth systems include the la w of o v er�o w C�CN�� .

The system INT has v aluable elab orations and has deep philosophi-

cal and seman tic substan tiation, whereas the system ST:3, whic h is

�
The sym b ol Der (X ) means a set of form ulas b elonging to X or a set of form ulas

whic h are obtained on the basis of X using the rule of detac hmen t.
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crossing with it, distinguishes itself among stoical systems as an opp o-

sitional one with resp ect to the system INT . The systems ST:1 and

ST:2 are included in the system INT . The system ST:3 has not y et

an y v aluable elab oration and prop er seman tic in terpretation.
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In this article w e consider t w o systems of Šuk asiewicz's three-

v alued mo dal prop ositional calcules. One of them is the system based

on suc h primary terms as the disjunction ( A ), negation ( N ) and ne-

cessit y ( L ), whereas the second is based on suc h primary terms as the

implication ( C ), negation ( N ) and de�nitiv ely impro v ed b y mo dal ne-

cessit y terms. The b oth systems are de�nitiv ely equiv alen t.

The A � N � L system

Dev eloping Šuk asiewicz's ideas, Sªup ec ki [6] explains the in tuitiv e bases

of three-v alued logic under assumption that prop ositions describ e ev en ts

(presen t, future or past) and it is p ossible to assign to these ev en ts

the logical v alue (1/2). Based on an analysis of the logical v alues of

comp ound prop ositions J. Sªup ec ki concludes that the tables of log-

ical v alues of disjunction, conjunction and negation should ha v e the

follo wing form, resp ectiv ely:

(I)

A 0 1/2 1

0 0 1/2 1

1=2 1/2 1/2 1

1 1 1 1

K 0 1/2 1

0 0 0 0

1=2 0 1/2 1/2

1 0 1/2 1

N
0 1

1=2 1/2

1 0
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or Axy = max(x; y) , Kxy = min (x; y) , Nx = 1 � x , where

x; y 2 f 0; 1=2; 1g.

The ab o v e tables coincide with those prop osed b y J. Luk asiewicz.

J. Sªup ec ki noticed that the set of reasonable form ulas incorp orat-

ing, apart from prop ositional v ariables, only the functors A , K , N and

b eing the tautology in the matrix

M = ( f 0; 1=2; 1g; f 1g; f A; K; N g)

is empt y .

Šuk asiewicz's implication C ha ving the table of logical v alues

(I I)

C 0 1/2 1

0 1 1 1

1=2 1/2 1 1

1 0 1/2 1

( Cxy = min (1; 1 � x + y ), where x; y 2 f 0; 1=2; 1g),

is not de�nable b y the functors A , K , N , b ecause C1=2 1=2 = 1 ,

whereas an y reasonable form ula � (x; y) written in terms of A , K , N
has the logical v alue 1/2 for x � y = 1=2.

When the system with primary terms A , N or K , N is impro v ed

b y mo dal terms then w e obtain the system de�nitiv ely equiv alen t to

the system with the primary terms C , N , i.e. an y term of one system

is de�nable in another system. There are the follo wing tables of logical

v alues for mo dal functors of necessit y L and p ossibilit y M

(I I I)

p Lp Mp

0 0 0

1=2 0 1

1 1 1

The functors L and M do not tak e the logical v alue 1/2. They are

m utually de�nable using the negation

( IV ) M� = NLN�;

L� = NMN�:
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W e can de�ne the implication functor using the terms A , K , N , M as

follo ws

( V ) C�� = AAN��MKN��:

Because of complicated and unclear structure of this de�nition, it is

w orth y of atten tion to construct the calculus with the primary terms

to b e among the follo wing triples:

(A; N; L ); (A; N; M ); (K; N; L ); (K; N; M ):

In the pap er [7] the prop ositional calculus w as constructed with the

primary terms (A; N; L ) , the primary rule of substitution, and the rule

of detac hmen t, according to the sc heme

( VI ) ANL��; �=�:

The form ula ANL�� do es not de�ne the form ula C�� ob viously .

Therefore, w e use the sym b ol F instead of ANL . The functor F di�ers

from the functor C only for p = 1
2 and q = 0 . It has the follo wing

table of logical v alues

�

(VI I)

Fpq 0 1/2 1

0 1 1 1

1=2 1 1 1

1 0 1/2 1

In the A � N � L axiomatic system w e use the equiv alence functor

E , whic h can b e de�ned using the functors K and F as follo ws:

( VI I I ) E�� = NCE1��NE 1��;

where

K�� = NAN�N�;

E1�� = KKF ��F ��KFN�N�FN�N�

and the functor C is de�ned b y (V). The axioms of the A � N � L
system are (see [7]):

�
Let us notice that the functor F is de�nable b y the use of the functor C as

follo ws: F �� = C�C��:



28 Šuk asiewicz's Three-v alued Prop ositional Calculus

A 1. FFFpqrFF rpFsp;�

A 2. FFpqFApqq;

A 3. FpApq;

A 4. FpAqp;

A 5. FpNNp;

A 6. FNNpp;

A 7. FNApqNp;

A 8. FNApqNq;

A 9. FNpFNqNApq;

A 10. FLpp;

A 11. NLNApNp;

A 12. ALpNLp .

It w as pro v ed in [7] that the system based on the ab o v e-men tioned

axioms is complete with resp ect to the matrix

( IX ) M = ( f 0; 1=2; 1g; f 1g; f A; N; L g);

where the functors A , N , L are de�ned b y tables (I), (I I I).

The A � N � L system.

It should b e noted that W a jsb erg's axiomatics [8] for implication-

negation prop ositional calculus w as among the �rst v ersions of ax-

iomatics for the three-v alued prop ositional calculus of Šuk asiewicz.

M. W a jsb erg has accepted the follo wing axioms:

a1. CqCpq,

a2. CCpqCCqrCpr,

a3. CCCpNppp,

�
The axiom A1 is equiv alen t to the kno wn Šuk asiewicz form ula, whic h is the

only axiom of t w o-v alued implication prop ositional calculus.
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a4. CCNqNpCpq.

The rules of inference are the rule of substitution and the rule of

detac hmen t for implication C . M. W a jsb ergnotices, that the axiom

a3 could b e replaced b y the axiom a30
:

a30: CCCpCpqpp.

It is p ossible to in tro duce the functors of disjunction ( A ), conjunc-

tion ( K ) and equiv alence ( E ) for the system under consideration b y

de�nitions:

A�� = CC���;
K�� = NAN�N�;
E1�� = KC��C��;
E�� = NCE1��NE 1��:

The functor E has the follo wing table of logical v alues:

(X)

E 0 1/2 1

0 1 0 0

1=2 0 1 0

1 0 0 1

M. W a jsb erg [8] presen ted a pro of of indep endence of adopted axioms

and a pro of of completeness of axiomatic system with resp ect to the

matrix

�

( XI ) M � = ( f 0; 1=2; 1g; f 1g; f C; Ng);

where Cxy = min (1; 1 � x + y ), Nx = 1 � x; x; y 2 f 0; 1=2; 1g.

In order to receiv e the three-v alued mo dal prop ositional calculus

of Šuk asiewicz it is su�cien t to add to a language the mo dal term of

necessit y ( L ) setting the de�nition (see [5]):

L� = NC�N�:

A table of v alues for this functor is the same as the table (I I I). The

functor of p ossibilit y ( M ) can b e de�ned as follo ws (see [5]):

M� = CN��:
�

M. W a jsb erg used the logic v alue 2 instead of 1/2. The corresp onding matrix

is isomorphic to the matrix M �
.
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Concluding remarks

Owing to the p ossibilit y of de�ning the mo dal functors L and M using

the functors C and N , some doubts are cast on mo dal c haracter of the

C � N � L calculus. The follo wing critical commen ts concerning the

three-v alued logic can b e found in [4, p. 365]: �Originally philosophi-

cal hop es w ere pining on this logic, for example, additional de�nition

p ossibilities (compared to the classical logic) b y creation the start-

ing p oin t for de�ning the p ossibilit y and necessit y terms. It should

b e emphasized that the use of suc h p ossibilities in the three-v alued

logic of Šuk asiewicz has serious consequences ... it causes rejection

of one of the most ob vious and useful rules � the rule of cancellation

for implication. This results in the lac k of the deduction theorem for

this logic...�. Let us note that J. Šuk asiewicz has constructed some

four-v alued mo dal prop ositional calculus with mo dal functor of neces-

sit y and p ossibilit y [3] (see also[1]). Mo dal functors w ere already used

in ancien t Greece b y stoics in prop ositional calculus and b y Aristotle

in syllogistics, ho w ev er researc h in prop ositional calculus (and other

systems) with mo dal functors dev elop ed after publishing C.J.Lewis'

w orks. This has led man y p eople to b eliev e that C.J.Lewis is the

originator of the mo dal logic systems (see [2]).
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Abstract

Some generalizations of the classical in tegral means are c haracterized. Suc h

t yp e c haracterizations are obtained b y requiring that the corresp onding

in tegral op erator preserv es giv en function classes.

Consider an op erator

f 7�! F (f );

giv en b y the form ula:

F (f )(x) :=

8
<

:

0 for x = 0
n

xn

xR

0
tn� 1f (t)dt for x 6= 0:

This op erator transforms the class K (b); b > 0, all real functions,

con v ex on [0; b] v anishing at zero, in to itself. In particular, for n := 1
it reduces itself to the usual in tegral mean. More generally , giv en a

suitable function ' (instead of " x 7�! xn
") one ma y consider an

in tegral op erator of the form

(1) F' (f )(x) :=

8
<

:

0 for x = 0
1

' (x)

xR

0
' 0(t)f (t)dt for x 6= 0:
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This op erator w as �rst considered b y Gh.T oader in [6] He has

pro v ed that the inclusion F' (K (b)) � K (b) forces ' to b e prop or-

tional to a p o w er function. More exactly:

Theorem (Gh. T oader [6]). If the op er ator F' given by (1) on

the class K (b) pr eserves the c onvexity, then ther e exist a r e al c onstant

k > 0 and an a > 0 such that ' (t) = kta
, t 2 [0; b]. Conversely, if

' (t) = kta; t 2 [0; b]; a > 0; k 6= 0 , then the op er ator F' given by (1)

tr ansforms the class K (b) into itself.

With an accuracy of denotations this op erator w as testing b y

C. Mo can u (1982) in his publication [4] J.B. Lac k o vi¢ in his do ctoral

dissertation [3] w as dealing with

F ' (f )(x) :=

8
><

>:

0 for x = 0
1

xR

0
' (t )dt

xR

0
' (t)f (t)dt for x 2 (0; b];

for the clas C(b); b > 0, all real functions, con tin uous on [0; b] and

v anishing at zero, where ' is a giv en function from C(b) , p ositiv e on

(0; b]; plainly , w e ha v e

F ' = F
(x7�!

xR

0
' (t )dt)

:

In what follo ws w e shall replace the deriv ativ e ' 0
of the function

' in T oader's op erator b y another giv en function. More precisely ,

w e shall replace ' 0
b y an arbitrary p ositiv e con tin uous function. So,

w e shall consider a pair (';  ) of con tin uous functions enjo ying the

follo wing prop erties: ';  : [0; b] �! I R ; ' (0) = 0 ; ' (x) 6= 0 for x 2
(0; b]. In this w a y w e de�ne an in tegral mean F'; on the space C(b)
of all con tin uous real functions on [0; b], v anishing at zero with the aid

of the form ula

(2) F'; (f )(x) :=

8
<

:

0 for x = 0
1

' (x)

xR

0
 (t)f (t)dt for x 2 (0; b]

for f 2 C(b) .

Clearly , w e ha v e:

F' = F';' 0:
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W e will pro v e a result similar to that due to Gh. T oader in [7] for

the in tegral mean F'; just in tro duced.

In what follo ws, w e shall sho w that under some additional assump-

tions up on the giv en functions the demand that the corresp onding

op erator F'; transforms the class K n (b); b > 0 of all (regular) real

con v ex functions of n -th order on the in terv al [0; b) , i.e. Cn+1
-functions

with nonnegativ e (n + 1) -st deriv ativ e, in to itself, determines the an-

alytic forms of ' and  .

W e shall �rst sho w that the in tegral op erator F'; giv en b y (2) can

b e represen ted as the sum of some sp ecial op erators.

Theorem 1. L et ';  : [0; b] �! I R b e c ontinuous functions en-

joying the fol lowing pr op erties: ' (0) = 0 ; ' (x) > 0 and  (x) > 0 for

x 2 (0; b] and let ' b e (right-hand side) di�er entiable at zer o. If the

op er ator F'; : C(b) �! I R

[0;b]
given by (2) tr ansforms the class K n (b)

into itself, then ' is a C1
-function on the interval (0; b] and ther e exist

a p olynomial w of or der at most n on the interval [0; b] such that

F'; (f )(x) =
1

' (x)

xZ

0

w0(t)
t

' (t)f (t)dt +
1

' (x)

xZ

0

w(t)
t

' 0(t)f (t)dt;

x 2 (0; b]:

Pro of. Clearly , the class P0 all p olynomials of order at most n
on [0; b] v anishing at zero, is con tained in K n (b) ; moreo v er P0 = � P0 .

Finally for an y p 2 P0 w e ha v e

F'; (p) 2 K n (b) and � F'; (p) = F'; (� p) 2 K n (b);

whence

� n+1
h F'; (p)(x) = 0

for all x 2 [0; b] and h > 0 suc h x + ( n + 1) h 2 [0; b].

It is w ell-kno wn (see e.g. M. Kuczma [2], L. Szék elyhidi [5]) that

the only con tin uous solutions of this equation are p olynomials of order

at most n . Therefore, the function F'; (p) is a p olynomial at most of

order n . In particular,

w := F'; (id)
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is a p olynomial of order at most n . Moreo v er, since F'; (id) 2 K n (b)
w e get w(0) = 0 . In view of the equalit y

xZ

0

t (t)dt = w(x)' (x); x 2 (0; b];

' is a C1
-function on the in terv al (0; b] and

x (x) = w0(x)' (x) + w(x)' 0(x); x 2 (0; b]:

Consequen tly , w e ha v e

 (x) =
w0(x)

x
' (x) +

w(x)
x

' 0(x); x 2 (0; b];

and putting this form ula to (2) w e obtain our assertion.

Remark 1. F or n = 1 Theorem 1 w as already pro v ed in [1].

In the sequel, w e will presen t a necessary condition for getting the

analytic form of the op erator F'; satisfying the preserv ation required.

Theorem 2. L et ';  : [0; b] �! I R b e c ontinuous functions en-

joying the fol lowing pr op erties: ' (0) = 0 ; ' (x) > 0 and  (x) > 0
for x 2 (0; b] and let ' b e (right-hand side) di�er entiable at zer o. If

the op er ator F'; : C(b) �! I R

[0;b]
given by (2) tr ansforms the class

K n (b) into itself, then ther e exist a r e al c onstant k > 0 and r ational

functions p and q on the interval (0; b] such that

' (x) = ke

xR

0
p(t)dt

; x 2 (0; b];

 (x) = q(x)' (x); x 2 (0; b]:

In p articular, ther e exists a r ational function W : (0; b] �! I R such

that  = W ' 0
.

Pro of. Observ e that w1 := F'; (id) is a p olynomial of order at

most n on the in terv al [0; b] (see the pro of of Theorem 1). Similarly ,
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w e obtain that w2 := F'; (id2) is a p olynomial of order at most n .

Hence

xZ

0

t (t)dt = w1(x)' (x) and

xZ

0

t2 (t)dt = w2(x)' (x); x 2 (0; b]:

Hence

(� ) x (x) = w0
1(x)' (x) + w1(x)' 0(x); x 2 (0; b];

(�� ) x2 (x) = w0
2(x)' (x) + w2(x)' 0(x); x 2 (0; b]:

Consequen tly:

xw0
1(x)' (x) + xw1(x)' 0(x) = w0

2(x)' (x) + w2(x)' 0(x)

for x 2 (0; b] whence w e get

(xw0
1(x) � w0

2(x)) ' (x) = ( w2(x) � xw1(x)) ' 0(x); x 2 (0; b]:

Clearly , the function (0; b] 3 x 7! xw0
1(x) � w0

2(x) yields a p olynomial

of order at most n . Lik ewise, the function (0; b] 3 x 7! w2(x) � xw1(x)
yields a p olynomial of order at most n + 1 . Moreo v er, it is easy to see,

that w2(x) � xw1(x) 6= 0 for x 2 (0; b]. Therefore, w e conclude that

' 0(x)
' (x)

=
xw0

1(x) � w0
2(x)

w2(x) � xw1(x)
=: p(x)

for x 2 (0; b]. Ob viously , there exists a c 2 I R suc h that ln ' (x) =
xR

0
p(t)dt + c for all x 2 (0; b]. Setting k := ec > 0 w e ha v e ' (x) =

ke

xR

0
p(t)dt

; x 2 (0; b]. Applying this result to equalit y (� ) w e get

 (x) = k
w0

1(x)
x

e

xR

0
p(t)dt

+ k
w1(x)

x
p(x)e

xR

0
p(t)dt

; x 2 (0; b];

i.e.

 (x) = ke

xR

0
p(t)dt w0

1(x) + w1(x)p(x)
x

; x 2 (0; b]:
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Putting q(x) := w0
1(x)+ w1 (x)p(x)

x ; x 2 (0; b] w e obtain

 (x) = kq(x)e

xR

0
p(t)dt

; x 2 (0; b];

whic h completes the pro of.

Remark 2. Under the assumptions of Theorem 2 the op erator

F'; assumes the form

� ��
�

�
F'; (f )(x) = e

�
xR

0
p(t)dt

xZ

0

f (t)q(t)e

tR

0
p(s)ds

dt; x 2 (0; b];

where q : (0; b] �! I R is a p ositiv e rational function.

The description of the analytic form of the op erator considered

has ob viously a necessary c haracter only .The question whether, giv en

t w o rational functions p; q : (0; b] �! I R, the corresp onding op erator� ��
�

�
preserv es the class of con v ex functions of higher orders, remains

unansw ered. This is caused b y the fact that in suc h a case w e are

faced to tedious calculations, hardly to b e p erformed, connected with

�nding suitable primitiv e functions as w ell as with the problem of

determining p ossible in v erse functions or giv en rational functions.

Remark 3. As a matter of fact, the assumption that the op erator

F'; transforms the class K n (b) in to itself, o ccurring in Theorem 2,

w as used exclusiv ely in order to pro v e that the functions F'; (id) ,

F'; (id2) b elong to K n (b) .
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Abstract

W e deal with the follo wing problem: whic h rational functions of t w o v ari-

ables are asso ciativ e? W e shall determine all of them pro vided that at least

one of the co e�cien ts in question v anishes.

1. In tro duction

The term asso ciativit y is usually used in connection with a map F
de�ned on the whole of the pro duct A � A of a certain nonempt y set

A with v alues in A: That op eration is called asso ciativ e if for ev ery

x; y; z 2 A the follo wing equation is satis�ed:

F (x; F (y; z)) = F (F (x; y); z); x; y; z 2 A (E1)

Equation (E1) is then termed as the asso ciativit y equation.

F or example, let us consider a map F : I � I �! I; where I =
(� 1; 1); de�ned b y the form ula

F (x; y) =
x + y
1 + xy

:

It is an op eration in set I and it is asso ciativ e whic h can easily b e

c hec k ed b y a direct calculation.



42 On Asso ciativ e Rational F unctions

It turns out that eac h map F : I � I �! I in the form

F (x; y) = f � 1(f (x) + f (y)) ; x; y 2 I

is asso ciativ e for an y bijection f : I �! J; where I; J � I R are

in terv als suc h that J + J � J:
Moreo v er, in the class of con tin uous and bilaterally cancellativ e

maps, these are the only asso ciativ e ones. Namely the follo wing the-

orem, pro v ed b y J. A czel [1], (see also R. Craigen, Z. P áles [3] and

others) is true:

Theorem CP . L et I b e a nontrivial r e al interval and let F : I �
I �! I b e a c ontinuous bilater al ly c anc el lative asso ciative op er ation.

Then ther e exist a c ontinuous bije ction f : I �! J such that

F (x; y) = f � 1(f (x) + f (y)) ; x; y 2 I; (1)

wher e J is a (ne c essarily unb ounde d) r e al interval.

W e notice that the ab o v e men tioned rational map is of the form

(1), where f : (� 1; 1) �! I R ; is de�ned b y

f (x) := arctanh x =
1
2

log
1 + x
1 � x

; x 2 (� 1; 1)

(clearly f is a bijection of (� 1; 1) on to I R and

f � 1(x) = tanh x =
e2x � 1
e2x + 1

; x 2 I R ):

In practice, one is frequen tly faced to a situation where the map F
considered is not necessarily de�ned on the en tire � rectangle" A � A
but only for some pairs (x; y) 2 D � A � A: Nev ertheless, one ma y

still searc h for solutions F : D �! A of the c onditional asso ciativit y

equation

F (x; F (y; z)) = F (F (x; y); z) (E2)

assumed to b e satis�ed for all triples (x; y; z) 2 A � A � A suc h that

(x; y); (y; z); (x; F (y; z)) and (F (x; y); z) all b elong to D: And ev en

in the case where D = A � A the v alues of F need not fall in to A;
therefore, w e still ha v e to deal with a conditional asso ciativit y . F or
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example, taking a map F : (� 1; 1) � (� 1; 1) �! I R ; giv en b y the

form ula

F (x; y) =
x + y
1 � xy

; x; y 2 (� 1; 1);

w e ha v e e.g. F ( 1
2; 1

2); F ( 1
3; 1

2) o� (� 1; 1): Nev ertheless, F is condition-

ally asso ciativ e whic h ma y easily b e pro v ed.

It turns out that a map of this t yp e can b e describ ed analogously

to (1), as pro v en b y Gy . Maksa [4]:

Theorem M. L et I b e an op en interval, e 2 I and let F : I � I �!
I R b e c ontinuous and strictly incr e asing in e ach variable. Supp ose that

F (x; F (y; z)) = F (F (x; y); z); x; y; z; F (x; y); F (y; z) 2 I

and

F (x; e) = F (e; x) = x; x 2 I:

Then ther e exist a; b 2 I such that a < e < b and ther e exists a

c ontinuous and strictly incr e asing function f : [a; b] �! [� 1; 1] such

that

F (x; y) = f � 1(f (x) + f (y)) ; x; y; F (x; y) 2 [a; b] (2)

and

f (a) = � 1; f (e) = 0 ; f (b) = 1 :

W e notice that a map de�ned ab o v e is of the form (2), where

f : [� 1p
3
; 1p

3
] �! [� 1; 1]; is de�ned b y

f (x) :=
3
�

arctanhx; x 2 [�
1

p
3

;
1

p
3

];

whic h is easy to pro v e.

This pap er concerns maps whic h b elong to the �eld I R [x; y] of quo-

tien ts of the in tegral domain of all p olynomials of t w o v ariables x; y;
i.e. rational functions of these t w o v ariables. The domain considered

is supp osed to b e of the form I R

2 n M; where M � I R

2
is a set of pla-

nar Leb esgue measure zero (usually a curv e). W e will consider a family
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of maps of that kind de�ning them as op erations. Rational function

F 2 I R [x; y]; whic h is of the form

F (x; y) =
aW(x; y)
bW(x; y)

;

where W is p olynomial of t w o v ariables x; y and a 2 I R ; b 2 I R n f 0g
( M = f (x; y) 2 I R

2 : W(x; y) = 0 g) w e will consider as constan t

F : I R

2 �! I R :

De�nition. Op eration F : I R

2 n M �! I R ; where M � I R

2
is a

giv en set, is called asso ciative i� F satis�es equation

F (x; F (y; z)) = F (F (x; y); z) (E)

for all (x; y; z) 2 I R

3
suc h that (x; y); (y; z); (x; F (y; z)) ; (F (x; y); z) 62

M:

It turns out that in order to b e asso ciativ e a rational function

F 2 I R [x; y] has to b e of sp ecial form, whic h is presen ted b y the

follo wing theorem, pro v ed b y A. Chéritat [2]:

Theorem C. If the r ational function F 2 I R [x; y] is asso ciative,

then ther e exist a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0; such that

F (x; y) =
axy + bx + cy + d
exy + fx + gy+ h

: (3)

The theorem giv es only a necessary condition for a rational func-

tion to b e asso ciativ e. Not all op erations of this form are asso ciativ e,

e.g. the follo wing ones (on naturals domains)

F (x; y) =
axy

exy + h
; a; e; h2 I R n f 0g;

F (x; y) =
bx

exy + h
; b; e; h2 I R n f 0g;

F (x; y) =
axy + bx
exy + h

; a; b; e; h2 I R n f 0g;
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F (x; y) =
bx

fx + gy
; b; f; g 2 I R n f 0g;

F (x; y) =
axy + bx
fx + gy

; a; b; f; g 2 I R n f 0g;

F (x; y) =
axy + bx

exy + fx + gy
; a; b; e; f; g2 I R n f 0g;

F (x; y) =
axy + d

exy + fx + gy
; a; d; e; f; g 2 I R n f 0g;

fail to b e asso ciativ e.

A su�cien t condition allo wing to c ho ose asso ciativ e op erations

from among those of the form (3) has not b een form ulated y et.

W e �nd asso ciativ e rational functions whic h b elong to class func-

tions of form (3); where at least one of the co e�cien ts a; b; c; d; e; f; g; h
is equal zero.

2. Main result

In what follo ws, from among rational functions of the form

F (x; y) =
axy + bx + cy + d
exy + fx + gy + h

;

where a; b; c; d; e; f; g; h2 I R ; e2+ f 2+ g2+ h2 > 0 w e will b e considering

only those for whic h at least one of the co e�cien ts a; b; c; d; e; f; g; h
is equal to zero and, sim ultaneously , not more that 5 of them v anish.

The family of all suc h functions will b e divided in to the follo wing

sub classes:

F i = f F (x; y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
: ai = 0; an 6= 0; n 6= ig;

i 2 f 1; :::; 8g;

F i;j = f F (x; y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
: ai = aj = 0; an 6= 0;

n 2 f 1; :::; 8g n f i; j gg; i 6= j i; j 2 f 1; :::; 8g;
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F i;j;k = f F (x; y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
:

ai = aj = ak = 0; an 6= 0; n 2 f 1; :::; 8g n f i; j; k gg;

i; j; k 2 f 1; :::; 8g i; j; k pairwise di�erent;

F i;j;k;l = f F (x; y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
:

ai = aj = ak = al = 0; an 6= 0; n 2 f 1; :::; 8g n f i; j; k; l gg;

i; j; k; l 2 f 1; :::; 8g; i; j; k; l pairwise di�erent;

F i;j;k;l;m = f F (x; y) =
a1xy + a2x + a3y + a4

a5xy + a6x + a7y + a8
: ai = aj = ak = al =

am = 0; an 6= 0; n 2 f 1; :::; 8g n f i; j; k; l; m gg; i; j; k; l; m 2 f 1; :::; 8g;

i; j; k; l; m pairwise di�erent:

In eac h of the classes F i (clearly w e ha v e 8 of them) there are

rational functions admitting exacly one zero co e�cien t from among

a; b; c; d; e; f; g; h:In eac h of the 28 classes F i;j there are rational func-

tions with exacly 2 zero co e�tien ts. Analogously , in case where exacly

3 co e�tien ts o ccurring in (3) are v anishing, the suc h a rational func-

tion b elongs to the family of 55 (not 56 b ecause F 5;6;7 = F 5;6;7;8 ) F i;j;k

classes; in case where exacly 4 co e�tien ts o ccurring in (3) are v an-

ishing, the suc h a rational function b elongs to the family of 65 ( in

practice, and 70 theoretically) F i;j;k;l classes; in case where exacly 5
co e�tien ts o ccurring in (3) are v anishing, the suc h a rational func-

tion b elongs to the family of 46 ( in practice, and 56 theoretically)

F i;j;k;l;m classes. W e shall sho w that only some particular mem b ers

of the classes sp ok en of happ en to b e asso ciativ e. Moreo v er, not all

elemen ts of a giv en class are asso ciativ e. F or eac h of the classes in

question w e shall form ulate a necessary and su�cien t condition for

the asso ciativit y of its mem b ers.

Equation (E) for a rational function of the form (3) ma y equiv-

alen tly b e written as the equalit y b et w een t w o three-place rational

function or as the equalit y of t w o p olynomials of second degree in
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three indep enden t v ariables. Suc h a p olynomial yields a function of

the form

W(x; y; z) =
2X

i;j;k =0

ci;j;k x i yj zk ;

where ci;j;k are constan ts. Th us it is a linear com bination of 27 second

degree monomials in three v ariables (the n um b er of 3� elemen t v ari-

ations with rep eatings from a 3� elemen t set). The ma jorit y of the

function classes considered the equalit y of the corresp onding p olyno-

mials forces the co e�cien ts of some monomials in v olred to b e equal to

0: After the comparison of the corresp onding co e�cien ts one obtains

a system of 27 equalities concerning the parameters a; b; c; d; e; f; g; h;
whic h is equiv alen t to the v alidit y of equation (E).

Theoretically , that system ma y b e view ed as a necessary and suf-

�cien t condition for the asso ciativit y of functions of the form (3). In

practice, for a concrete function considered with all the co e�cien ts

non v anishing, it is usually m uc h simpler and faster to c hec k its asso-

ciativit y directly with the aid of equation (E).

Ho w ev er, in the case where at least one of the co e�cien ts in ques-

tion is equal to zero, the system sp ok en of actually reduces to a smalles

n um b er of equations. Ev en more, for the subsequen t classes the ques-

tion of their solv abilit y ma y easily b e answ ered. More precisely , one

ma y classify these classes via a selection of those admitting asso ciativ e

op erations and to state readable necessary and su�cien t conditions

equiv alen t to the asso ciativit y prop ert y .

A system in question is explicitely written in the statemen t of the

Prop osition and pro v es to b e useful in the pro ofs relev an t theorems.

This system will b e used to simplify the pro ofs presen ted. Plainly ,

eac h assertion of the theorems estblished ma y directly b e deriv ed from

equation (E). Nev ertheless, an app eal to this system allo ws one to

a v oid n umerous and tedious transfomations of (E) whic h w ould b e

necessary otherwise.

The follo wing lemma will pro v e to b e useful in the sequel.

Prop osition. If a r ational function given by formula

F (x; y) =
axy + bx + cy + d
exy + fx + gy + h

;
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wher e a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0 is asso ciative, then

the fol lowing e qualities hold true:

(I)

abe2 + a2eg+ be2g = a2ef + ace2 + ce2f;

(I I)

a3f + a2eh+ be2h + abeg+ abef + befg

= ade2 + de2f + a2be+ a2f 2 + bce2 + cef 2;

(I I I)

b2e2 + befg+ aceg+ abeg+ beg2 = acef + abef + cef 2 + c2e2 + cefg;

(IV)

a2g2 + bce2 + beg2 + a2ce+ ade2 + de2g

= aceg+ acef + cefg + a3g + a2eh+ ce2h;

(V)

a2bf + befh + abfg + b2ef + bf 2g + a2cf + aceh+ 2begh+ abeh+ adeg

= ab2e+ adef + def 2 + bcef + abf 2 + cf 3 + abce+ 2cde2 + defg + cefh;

(VI)

2a2cf + a2gh + begh+ abg2 + bcef + bfg2 + aceh+ 2adef

= 2adeg+ acf 2 + bceg+ cf 2g + abeh+ 2a2bg+ a2fh + cefh;

(VI I)

2bde2 + begh+ acg2 + bceg+ bg3 + ac2e+ adeg+ deg2 + abce+ defg

= aceh+ adef + 2cefh + cfg2 + a2cg+ c2eg+ cegh+ a2bg+ acfg + abeh;

(VI I I)

ab2f + abfh + bf 2h + beh2 + a2df + adeh

= b3e+ bdef + df 3 + abde+ d2e2 + defh;

(IX)

abcf + acfh +2bfgh+ b2eh+ adfg = b2ce+2cdef + df 2g+ abfh+ cf 2h;

(X)

2abcf + abgh+ bfgh+ bceh+ adf 2 = b2ce+2bdeg+ df 2g+ abfh + ab2g;
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(XI)

ac2f + acgh+2cdef + bc2e+ dfg 2 = 2abcg+ adg2 + bceh+ acfh + cfgh;

(XI I)

acgh+2bdeg+ bg2h+ bc2e+ dfg 2 = c2eh+ adfg +2cfgh + abcg+ abgh;

(XI I I)

acde+ e2d2 + degh+ c3e+ cdeg+ dg3

= a2dg+ adeh+ ceh2 + ac2g + acgh+ cg2h;

(XIV)

a2bf + abeh+ befh = ab2e+ bde2 + def 2;

(XV)

acfg + b2eg+ bfg2 = c2ef + abfg + cf 2g;

(XVI)

ac2e+ cde2 + deg2 = ac2g + aceh+ cegh;

(XVI I)

abdf + bfh2 + cbfh + bgh2 + 2acdf + adgh+ b2cf + bdf 2 + cdeh+ adfh

= b2de+ bdeh+ bcde+ 2d2eg+ dfgh + b3g + bdfg + b2fh + df 2h + abdg;

(XVI I I)

acdf + ach2 + 2bgh2 + 2bdeh+ adgh+ bc2f + c2fh + bdfg

= 2cdeh+ adfh + 2cfh 2 + b2cg+ cdfg + b2gh+ abdg+ abh2;

(XIX)

acdf + 2d2ef + bcde+ dfgh + c3f + c2gh+ cdfg + dg2h + c2de+ cdeh

= adgh+ 2abdg+ bdeh+ bcgh+ adfh + cfh 2+ bc2g + acdg+ cdg2+ cgh2;
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(XX)

bfh2 + abdf + adfh = b2de+ d2ef + df 2h;

(XXI)

bc2f + bcgh+ cdf 2 = b2cg+ bdg2 + bcfh;

(XXI I)

c2de+ d2eg+ dg2h = acdg+ adgh+ cgh2;

(XXI I I)

bdfh + bh3 + ad2f + adh2 + bcdf + cdfh

= d2eh+ bd2e+ b2dg+ d2fg + b2h2 + dfh 2;

(XXIV)

bcdf + d2f 2 + c2df + cdgh+ cdfh = bdgh+ bdfh + bcdg+ d2g2 + b2dg;

(XXV)

c2df + c2h2 + d2fg + cd2e+ d2eh+ dgh2

= cdgh+ bcdg+ bdgh+ ad2g + adh2 + ch3;

(XXVI)

cd2f + cdh2 + d2fh + = d2gh + bd2g + bdh2;

(XXVI I)

a2df + beh2 + bfgh + 2ac2f + acgh+ 2bg2h + abcf + acfh

+ adg2 + b2ce+ 3bdef + df 2g + c2eh+ adfg + acde+ degh

= abde+ adf 2 + 2cf 2h + bc2e+ 3cdeg+ dfg 2 + 2ab2g

+ adfg + b2eh+ acfh + cfgh + abfh + abcg+ a2dg+ ceh2 + defh:

Conversely, any function of form (3) which satis�es al l the c ondi-

tions (I)-(XXVI I) ful�l ls e quation (E).

Pro of . Assume that a rational function F giv en b y (3) is asso-

ciativ e. W e obtain equations (I),(I I),...,(XXIV),(XXV) and (XXVI I)

from equation

F (F (x; y); z) = F (x; F (y; z))
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b y comparison of the co e�cien ts of monomials x2y2z2; x2y2z; x2yz2;
xy2z2; x2yz; xy2z; xyz2; x2y; x2z; xy2; y2z; xz2; yz2; x2y2; x2z2; y2z2;
xy; xz; yz; x2; y2; z2; x; y; z; xyz; resp ectiv ely . The comparison of

monomials of degree zero leads to equation (XXVI). Ob viously if a

function of form (3) ful�lls the ab o v e conditions, then it is asso ciativ e.

Th us the pro of has b een completed.

W e notice that

Remark. The system of the e quations (I)-(XXVI I) has at le ast

one solution such that al l c o e�cients ar e nonvanishing, namely a =
b= c = d = e = f = g = h = 1: However a function de�ne d by

F (x; y) =
xy + x + y + 1
xy + x + y + 1

= 1

fails to b e an asso ciative, nontrivial op er ation of form (3) with al l

nonvanishing c o e�cients.

It turns out that in the class of rational function of form (3), where

exactly one of the eigh t co e�cien ts is equal zero only the follo wing are

asso ciativ e:

F (x; y) =
bex+ bey+ bf

e2xy + efx + efy + be+ f 2
with b; e; f 6= 0; be6= � f 2;

F (x; y) =
a2exy + a2ex + a2ey+ a2f
(a � f )efxy + aefx + aefy

with a; e; f 6= 0; a 6= f:

Namely the follo wing theorem is true:

Theorem 1. In the class of the r ational function of form

F (x; y) =
axy + bx + cy + d
exy + fx + gy + h

;

wher e a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0 and exactly one

(whichever) of c o e�cients is e qual to zer o, only fol lowing sub class c on-

tains asso ciative functions:

F (x; y) =
bx + cy + d

exy + fx + gy+ h
with b; c; d; e; f; g; h6= 0; (1:1)

F (x; y) =
axy + bx + cy + d

exy + fx + gy
with a; b; c; d; e; f; g6= 0: (1:2)
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Mor e over, op er ations of form (1.1) ar e aso ciative (on natur al domain)

i� c = b; g = f; d = bf
e ; h = be+ f 2

e and op er ations of form (1.2) ar e

aso ciative (on natur al domain) i� c = b; g= f; d = af
e ; e = af � f 2

a :

Pro of . First w e sho w that no one of the functions is asso ciativ e:

F (x; y) =
axy + cy + d

exy + fx + gy+ h
with a; c; d; e; f; g; h6= 0; (1:3)

F (x; y) =
axy + bx + d

exy + fx + gy + h
with a; b; d; e; f; g; h6= 0; (1:4)

F (x; y) =
axy + bx + cy

exy + fx + gy + h
with a; b; c; e; f; g; h6= 0; (1:5)

F (x; y) =
axy + bx + cy + d

fx + gy+ h
with a; b; c; d; f; g; h6= 0; (1:6)

F (x; y) =
axy + bx + cy + d

exy + gy + h
with a; b; c; d; e; g; h6= 0; (1:7)

F (x; y) =
axy + bx + cy + d

exy + fx + h
with a; b; c; d; e; f; h6= 0: (1:8)

Assume the con trary: supp ose that op eration (1.3) is asso ciativ e. By

Prop osition equalit y (XIV) hold true. In case b = 0 this equation

giv es def 2 = 0; whic h is imp ossible. F or op eration (1.4) (case c = 0 )

equation (XVI) giv es deg2 = 0; for (1.5) (case d = 0 ) equation (XX)

giv es bfh2 = 0; for (1.6) ( e = 0 ) b y (XIV) w e ha v e a2bf = 0; for (1.7)

( f = 0 ) b y (XV) w e ha v e b2eg= 0 and for (1.8) (case g = 0 ) b y (XXI I)

w e obtain c2de= 0: Therefore, all these cases lead to a con tradiction.

Let function of form (1.1) b e asso ciativ e. By Prop osition equalities

(I),..., (XXVI I) are satis�ed. On setting a = 0 in equation (I) w e see

that

cf = bg (i )

and ob viously

cf 2h = bfgh: (ii )

By (IX) (with a = 0 )w e obtain

2bfgh + b2eh = b2ce+ 2cdef + df 2g + cf 2h;
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whic h, b y (ii ); giv es

bfgh = b2ce+ 2cdef + df 2g � b2eh:

Ho w ev er, b y (X) (for a = 0 ) w e ha v e

bfgh = b2ce+ 2bdeg+ df 2g � bceh:

Therefore, b y (i ) (whic h giv es 2cdef = 2bdeg)

bceh= b2eh;

i.e. c = b and, b y (i ); g = f: Th us w e ha v e

c = b; g= f: (iii )

F urther, b y (IV) (with a = 0 ) and (iii );

b2 + df = bh; (iv )

i. e.

b2ef + def 2 = befh: (v)

By (XVI) and (iii ) w e ha v e

bde2 + def 2 = befh:

Therefore, on accoun t of (v) one has

bde2 = b2ef;

i.e.

de= bf: (vi)

F urther, b y (iv ) w e obtain

h =
b2 + df

b

and b y (vi)

d =
bf
e

;

whence

h =
b2 + bf 2

e

b
= b+

f 2

e
=

be+ f 2

e
:
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This means that if function from class (1.1) is asso ciativ e it m ust b e

of the form

F (x; y) =
bex+ bey+ bf

e2xy + efx + efy + be+ f 2
with b; e; f 6= 0; be6= f 2:

A direct calculation sho ws that this function full�ls equation (E).

No w w e assume, that function of form (1.2) is asso ciativ e. By

Prop osition equalities (I),..., (XXVI I) hold true. On setting h = 0 in

equation (XXVI) w e see that

cf = bg (?)

i.e.

bc2f = b2cg (??)

and from (XXI) (with h = 0 ), b y (??); w e ha v e

cdf 2 = bdg2;

whence b y (?) w e get g = f and from (?) c = b: So w e ha v e

c = b; g= f: (? ? ?)

F urther, b y (XXI I I) (for h = 0 ) and (? ? ?); w e see that

af = be+ f 2: (� )

Putting h = 0 in (XVI) and using (? ? ?) w e ha v e

ab2e+ bde2 + def 2 = ab2f:

Therefore, b y (� )

ab2e+ ( af � f 2)de+ def 2 = ab2f

i.e.

b2e+ def = b2f

and whence

b2de+ d2ef = b2df: (�� )

F urther, b y (XXI I) (with h = 0 ) and (? ? ?) w e obtain

b2de+ d2ef = abdf:
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Therefore b y (�� )
abdf = b2df

i.e.

b= a: (� � � )

Putting h = 0 in (XIV) and applying (� � � ) w e ha v e

a3f = a3e+ ade2 + def 2

whic h join tly with (� ) and (� � � ) leads to

a2(ae+ f 2) = a3e+ de(af � f 2) + def 2:

Therefore

a2f 2 = adef

whic h implies that

d =
af
e

:

By (� ) and (� � � ) w e get

e =
af � f 2

a
:

This means, that if function from class (1.2) is asso ciativ e then it m ust

b e of the form

F (x; y) =
axy + ax + ay + af

e
af � f 2

a xy + fx + fy
with a; e; f 6= 0; a 6= f

i.e.

F (x; y) =
a2exy + a2ex + a2ey + a2f
(a � f )efxy + aefx + aefy

with a; e; f 6= 0; a 6= f

whic h w as to b e sho wn. It is easily to c hec k, that the latter op eration

is asso ciativ e (on natural domain) whenev er a; e; f 6= 0; a 6= f: Th us

the pro of has b een completed.

No w w e distinguish suc h sub classes of the class of functions of form

(3) for whic h exactly t w o co e�cien ts are equal zero. The corresp ond-

ing result reads as follo ws:

Theorem 2. In the class of r ational functions of the form

F (x; y) =
axy + bx + cy + d
exy + fx + gy + h

;
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wher e a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0 and exactly two

(whichever) c o e�cients ar e e qual zer o, no one is asso ciative.

Pro of. W e shall consider 28 cases ( the n um b er of c hoises of ex-

actly t w o elemen ts from among eigh t). In eac h case w e will assume

(for the indirect pro of ) that a rational function with exactly t w o w an-

ishing co e�cien ts is asso ciativ e and w e will use Prop osition to get a

con tradiction. In case a = b= 0 b y (I) w e obtain

ce2f = 0;

whic h is imp ossible. Similary ,

if b = e = 0; (XVI) giv es ac2g = 0;
if e = h = 0; (XX) giv es abdf = 0;
if f = h = 0; (XXVI) giv es bd2g = 0;
if a = c = 0; (I) giv es b2eg= 0;
if a = d = 0; (XVI) giv es cegh= 0;
if a = f = 0; (I) giv es be2g = 0;
if a = g = 0; (I) giv es ce2f = 0;
if b = d = 0; (XXI I) giv es cgh2 = 0;
if b = c = 0; (XVI) giv es deg2 = 0;
if b = h = 0; (XIV) giv es def 2 = 0;
if b = g = 0; (XIV) giv es def 2 = 0;
if c = d = 0; (XX) giv es bfh2 = 0;
if c = e = 0; (XIV) giv es a2bf = 0;
if c = h = 0; (XVI) giv es deg2 = 0;
if c = f = 0; (XVI) giv es deg2 = 0;
if d = e = 0; (XX) giv es bfh2 = 0;
if d = f = 0; (XV) giv es b2eg= 0;
if d = g = 0; (XX) giv es bfh2 = 0;
if e = f = 0; (XVI) giv es ac2g = 0;
if f = g = 0; (XX) giv es b2de= 0;
if g = h = 0; (XXVI) giv es cd2f = 0;
if e = g = 0; (XXI) giv es bc2f + cdf 2 = bcfh;

whence

bc+ df = bh

whereas (X) giv es 2abcf + adf 2 = abfh; whence 2bc+ df = bh: There-

fore

bc= 0:
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In the remaining cases w e pro ceed as follo ws.

Let d = h = 0: By (XVI) w e get ac2e = ac2g whence

g = e: (i )

Putting d = h = 0 in (XIX) w e obtain c3f = bc2g; i.e.

cf = bg: (ii )

By (XIV) (with d = h = 0 ) w e ha v e a2bf = ab2e; i.e.

af = be: (iii )

By (i ); (ii ); (iii ) w e get af = cf; whence

c = a: (iv )

On setting d = h = 0 in (VI I) and using (i ); (iv ) w e see that

abe2 + be3 = afe2 + a2e2

i.e.

ab+ be= af + a2:

By (iii ) this means that b = a and, b y (iii ); f = e: So w e ha v e

b= a; c = a; f = e; g= e: (v)

Therefore, in this case, a rational function considered has to ha v e form

F (x; y) =
axy + ax + ay
exy + ex + ey

=
a
e

;

whic h is imp ossible, b ecause merely exactly t w o co e�cien ts are equal

zero.

Let c = g = 0: By (XI I I) w e get d2e2 = adeh; whence

de= ah

and b y (IX) w e ha v e b2eh = abfh; i.e.

be= af:
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Therefore, in this case, w e infer that

F (x; y) =
axy + bx + d
exy + fx + h

=
aexy + bex+ de
e2xy + efx + eh

=

=
aexy + afx + ah
e2xy + efx + eh

=
a
e

exy + fx + h
exy + fx + h

=
a
e

:

This is con tradiction b ecause merely t w o co e�cien ts are equal zero.

Let no w b= f = 0: F rom (I) w e deriv e the equalit y

ag = ce

and therefore, b y (V), w e ha v e aceh+ cede= 2cde2; i.e.

ah = de:

Th us, in this case, w e obtain

F (x; y) =
axy + cy + d
exy + gy + h

=
a2xy + acy+ ad
aexy + agy+ ah

=

=
a2xy + acy+ ad
aexy + cey+ de

=
a(axy + cy + d)
e(axy + cy + d)

=
a
e

;

whic h again is con tradiction b ecause merely t w o co e�cien ts are equal

zero.

Let no w a = e = 0: F rom (V) and (VI I I) w e see that

bg= cf

and

bh = df:

Therefore, in this case, w e get

F (x; y) =
bx + cy + d
fx + gy + h

=
b2x + bcy+ bd
bfx + bgy+ bh

=

=
b2x + bcy+ bd
bfx + cfy + df

=
b(bx + cy + d)
f (bx + cy + d)

=
b
f

;

a similar con tradiction.

Let �nally a = h = 0: W e observ e that in this case (I) giv es

be2g = ce2f whence

bg= cf: (?)
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By (I I) (with a = h = 0) w e get befg = de2 + bce2 + cef 2; whic h b y

(?) leads to de2f + bce2 = 0; i.e.

df = � be: (??)

Putting a = h = 0 in (IV) w e obtain bce2+ beg2+ de2g = cefg; whence

b y (?) bce2 + de2g = 0; i.e.

bc= � dg: (? ? ?)

No w b y (??) and (? ? ?) w e ha v e dg = df i.e.

g = f

and b y (?)
c = b:

F urther, b y (IV) (for a = h = 0; b= c; g= f; ) w e conclude b2+ de2f =
0; i.e. b2 = � df: Therefore, b y (??) w e ha v e b2 = be getting

e = b:

After setting a = h = 0; e = c = b; g= f in (V), w e ha v e bdf 2 = � b3d;
whence

f 2 = � b2:

This con tradiction �nishes the pro of of the theorem.

In the sequel, w e consider suc h sub classes of class of functions of

the form (3), where exactly three co e�cien ts are equal zero. Sim ulta-

neously , the case e = f = g = 0 is n um b ered among cases, where four

co e�cien ts v anish ( e = f = g = h = 0 ), b ecause

axy + bx + cy + d
h

= Axy + Bx + Cy + D;

where A = a
h ; B = b

h ; C = c
h ; D = d

h :
W e are going to sho w, that only the follo wing functions from these

classes are asso ciativ e:

F (x; y) =
aexy

e2xy + efx + efy + f 2 � af
with a; e; f 6= 0; f 6= a;

F (x; y) =
axy + bx + by

exy + b
with a; b; e6= 0;



60 On Asso ciativ e Rational F unctions

F (x; y) =
axy + d

ax + ay + h
with a; d; h 6= 0:

More exactly w e ha v e

Theorem 3. In the class of the r ational functions of the form

F (x; y) =
axy + bx + cy + d
exy + fx + gy+ h

;

wher e a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0 and exactly thr e e

(whichever) of these c o e�cients ar e e qual to zer o, mer ely fol lowing

sub class c ointains asso ciative functions:

F (x; y) =
axy

exy + fx + gy + h
; with a; e; f; g; h 6= 0; (3:1)

F (x; y) =
axy + bx + cy

exy + h
; with a; b; c; e; h6= 0; (3:2)

F (x; y) =
axy + d

fx + gy+ h
; with a; d; f; g; h 6= 0: (3:3)

Mor e over, op er ations of form (3.1) ar e aso ciative (on natur al domain)

i� g = f; h = f 2 � af
e ; op er ations of form (3.2) ar e aso ciative (on natur al

domain) i� h = c = b and op er ations of form (3.3) ar e aso ciative (on

natur al domain) i� g = f = a:

Pro of. First w e consider classes (3.1),(3.2),(3.3). Assume that

function of form (3.1) is asso ciativ e. By Prop osition w e ha v e equalities

(I),...,(XXVI I) (with b = c = d = 0 ). F rom (I) w e conclude that

a2eg= a2ef; i.e.

g = f

and, b y I I, a3f + a2eh = a2f 2; whence

h =
f 2 � af

e
:

Therefore

F (x; y) =
axy

exy + fx + fy + f 2 � af
e

;
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whic h is asso ciativ e (a straigh tforw ard v eri�cation), whic h w as to b e

sho wn. No w let a function of form (3.2) b e asso ciativ e. By Prop osition

w e conclude that equalities (I),...,(XXVI I) (with d = f = g = 0 ) hold

true. F rom (I) w e see that abe2 = ace2; i.e.

c = b

and, b y (XIV), abeh= ab2e; whence

h = b:

Therefore

F (x; y) =
axy + bx + by

exy + b
;

whic h is asso ciativ e (a straigh tforw ard v eri�cation), whic h w as to b e

sho wn. F urther let function of form (3.3) b e asso ciativ e. By Prop o-

sition w e ha v e equalities (I),...,(XXVI I) (with b = c = e = 0 ). F rom

(I I) w e obtain a3f = a2f 2; whence

f = a

and, b y (IV), a2g2 = a3g; sho wing that

g = a:

Therefore

F (x; y) =
axy + d

ax + ay + h
:

A simple calculation sho ws that F is asso ciativ e.

T o sho w that no one from the remaining classes is asso ciativ e func-

tions it su�ces to observ e that

for b= c = f = 0; b y (I), w e get a2eg= 0;
for b= c = g = 0; b y (I), w e get a2ef = 0;
for b= c = h = 0; b y (XIV), w e get def 2 = 0;
for b= d = e = 0; b y (XXI I), w e get cgh2 = 0;
for b= d = f = 0; b y (XXI I), w e get cgh2 = 0;
for b= d = g = 0; b y (XI I), w e get c2eh = 0;
for b= d = h = 0; b y (XXVI I), w e get ac2f = 0;
for b= f = g = 0; b y (XXI I), w e get c2de= 0;
for b= f = h = 0; b y (I I), w e get ade2 = 0;
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for b= g = h = 0; b y (IX), w e get cdef = 0;
for c = d = e = 0; b y (XX), w e get bfh2 = 0;
for c = d = f = 0; b y (XV), w e get b2eg= 0;
for c = d = g = 0; b y (X), w e get abfh = 0;
for c = d = h = 0; b y (XXVI I), w e get ab2g = 0;
for c = f = g = 0; b y (I), w e get abe2 = 0;
for c = f = h = 0; b y (XI), w e get adg2 = 0;
for c = g = h = 0; b y (XI I I), w e get d2e2 = 0;
for d = f = h = 0; b y (XIV), w e get ab2e = 0;
for d = g = h = 0; b y (XV), w e get c2ef = 0;
for f = g = h = 0; b y (XX), w e get b2de= 0;
for a = c = d = 0; b y (XIV), w e get befh = 0;
for a = b= d = 0; b y (XVI), w e get cegh= 0;
for a = b= c = 0; b y (XIV), w e get def 2 = 0;
for a = b= g = 0; b y (XIV), w e get def 2 = 0;
for a = b= f = 0; b y (XVI I I), w e get cdeh= 0;
for a = b= h = 0; b y (XIV), w e get def 2 = 0;
for a = c = e = 0; b y (XV), w e get bfg2 = 0;
for a = c = f = 0; b y (I), w e get be2g = 0;
for a = c = g = 0; b y (I I I), w e get b2e2 = 0;
for a = c = h = 0; b y (I), w e get be2g = 0;
for a = d = e = 0; b y (V), w e get cf 3 = 0;
for a = d = f = 0; b y (I), w e get be2g = 0;
for a = d = g = 0; b y (XX), w e get bfh2 = 0;
for a = d = h = 0; b y (IX), w e get b2ce= 0;
for a = e = f = 0; b y (VI I), w e get bg3 = 0;
for a = e = g = 0; b y (V), w e get cf 3 = 0;
for a = e = h = 0; b y (V), w e get cf 3 = 0;
for a = g = h = 0; b y (I), w e get ce2f = 0;
for a = f = g = 0; b y (XX), w e get b2de= 0;
for a = f = h = 0; b y (I), w e get be2g = 0;
for c = e = f = 0; b y (XI), w e get adg2 = 0;
for b= e = f = 0; b y (VI), w e get a2gh = 0;
for c = e = g = 0; b y (XXV), w e get adh2 = 0;
for b= e = g = 0; b y (X), w e get adf 2 = 0;
for c = e = h = 0; b y (XXI), w e get bdg2 = 0;
for b= e = h = 0; b y (XVI), w e get ac2g = 0;
for d = e = f = 0; b y (XVI), w e get ac2g = 0;
for d = e = g = 0; b y (XX), w e get bfh2 = 0;
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for d = e = h = 0; b y (XVI), w e get ac2g = 0;
for e = f = h = 0; b y (XVI), w e get ac2g = 0;
for e = g = h = 0; b y (XIV), w e get a2bf = 0;
for a = b= e = 0; b y (XX), w e get df 2h = 0:

So, in eac h of the remaining cases w e obtain con tradiction with

the assumption that exactly three co e�cien ts are equal to zero. This

ends the pro of.

Using similar meto ds w e can determine asso ciativ e functions of

form (3) with exactly four w anishing co e�cien ts. Clearly the case

e = f = g = h = 0 is excluded and b ecause

F (x; y) =
bx + cy + d

h
= Bx + Cy + D; with b; c; d; h6= 0;

F (x; y) =
axy + bx + cy

h
= Axy + Bx + Cy; with a; b; c; h6= 0;

F (x; y) =
axy + bx + d

h
= Axy + Bx + D; with a; b; d; h6= 0;

F (x; y) =
axy + cy + d

h
= Axy + Cy + D; with a; b; c; h6= 0;

where A = a
h ; B = b

h ; C = c
h ; D = d

h ; the cases where a = e = f =
g = 0; d = e = f = g = 0; c = e = f = g = 0; b = e = f = g = 0 are

concidered in classes with 5 v anishing co e�cien ts.

It is not hard to v erify the follo wing

Theorem 4. In the class of the r ational functions of the form

F (x; y) =
axy + bx + cy + d
exy + fx + gy + h

;

wher e a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0 and exactly four

(whichever) of the c o e�cients ar e e qual zer o, mer ely the fol lowing sub-

class c ontains asso ciative functions:

F (x; y) =
axy

exy + fx + gy
; with a; e; f; g 6= 0; (4:1)

F (x; y) =
axy

fx + gy + h
; with a; f; g; h 6= 0; (4:2)
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F (x; y) =
bx + cy
exy + h

; with b; c; e; h6= 0: (4:3)

F (x; y) =
axy + d
fx + gy

; with a; d; f; g 6= 0: (4:4)

F (x; y) = Axy + Bx + Cy + D; with A; B; C; D 6= 0: (4:5)

Mor e over, op er ations of form (4.1) ar e aso ciative (on natur al domain)

i� g = f = a; op er ations of form (4.2) ar e aso ciative (on natur al

domain) i� g = f = a; op er ations of form (4.3) ar e aso ciative (on

natur al domain) i� h = c = b; op er ations of form (4.4) ar e aso ciative

(on natur al domain) i� g = f = a and op er ations of form (4.5) ar e

aso ciative (on natur al domain) i� C = B; D = B (B � 1)
A ; B 6= 1:

Analogously , w e can study the class of rational functions of form (3)

with exactly three non v anishing co e�cien ts and to pro v e the follo wing

Theorem 5. In the class of the r ational functions of the form

F (x; y) =
axy + bx + cy + d
exy + fx + gy+ h

;

wher e a; b; c; d; e; f; g; h2 I R ; e2 + f 2 + g2 + h2 > 0 and exactly �ve

(whichever) of the c o e�cients ar e e qual to zer o, mer ely the fol lowing

sub class c ontains asso ciative functions:

F (x; y) =
axy

fx + gy
; for a; f; g 6= 0; (5:1)

F (x; y) = axy + bx + cy; for a; b; c6= 0: (5:2)

Mor e over, op er ations of form (5.1) ar e aso ciative (on natur al domain)

i� g = f = a; op er ations of form (5.2) ar e aso ciative i� c = b= 1:

The only remaining case where at most 2 of the co e�cien ts in

question do not v anish is trivial.
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Abstract

Let X b e a real lo cally con v ex linear top ological space. A functional f :
X �! I R is called subline ar pro vided that f is subadditiv e and

f (nx) = nf (x); x 2 X; n 2 I N : W e establish a one-to-one corresp ondence

b et w een the collection of all sublinear functional satisfying some mild re-

gularit y conditions and the family of all nonempt y con v ex and w eakly

�
-

compact subsets of the dual space X �
.

1. In tro duction

A real functional ' on a real linear space X is termed subline ar pro-

vided that ' is sub additive , i.e.

' (x + y) � ' (x) + ' (y) ; x; y 2 X ;

and

' (nx) = n' (x) ; x 2 X ; n 2 I N :

It is kno wn (folklore) that the latter requiremen t m y equiv alen tly b e

replaced b y an apparen tly w eak er condition

' (2x) = 2 ' (x) ; x 2 X:
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If D is a nonempt y con v ex sub domain of X then a functional ' :
D �! I R is called Jensen-c onvex pro vided that

'
�

x + y
2

�
�

' (x) + ' (y)
2

for all x; y 2 D:
Assuming that D is a nonempt y op en and con v ex sub domain of a

real linear top ological space X one encoun ters n umerous results sho w-

ing that whenev er a Jensen-con v ex functional on D is supp osed to

satisfy some additional regularit y condition then necessarily it has to

b e con tin uous and hence also con v ex, i.e. to satisfy the inequalit y

' (�x + (1 � � )y) � �' (x) + (1 � � )' (y)

for all x; y 2 D and all � 2 [0; 1]: As an instance, let us quote some

of the conditions of that kind (see e.g. M.Kuczma [7, Chapter IX, Ÿ3,

Theorem 3]):

(a) ' admits a measurable ma joran t on a set of p ositiv e measure (in

the case where X = I R);

(b) ' is upp er b ounded on a second category Baire subset of X ;

(c) ' is upp er b ounded on a set T � I R

n
suc h that its

Q
-con v ex

h ull
Q(T) is of p ositiv e inner Leb esgue measure;

(d) ' is upp er b ounded on a set T � X suc h that
Q(T) con tains a

second category Baire set.

In 1975 E. Berz [1, Corollary 1.7] has pro v ed, among others, that

ev ery Leb esgue measurable sublinear functional ' : I R �! I R is nec-

essarily of the form

(�� ) ' (x) =
�

�x for x < 0
�x for x � 0 ;

where �; � 2 I R ; � � � .

With the aid of an en tirely di�eren t and quite elemen tary metho d

B. K o cl/ega and the presen t author ha v e pro v ed in [5] the follo wing

generalization of this result.
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Theorem A. A subline ar functional ' : I R �! I R is of the form

(�� ) wher e �; � 2 I R ; � � � , if and only if

(J)
�

' satisf ies any regularity condition that forces
Jensen� convexfunction to be continuous:

Observ e that functions ' : I R �! I R of the form (�� ) ma y alter-

nativ ely b e expressed in the form

(
 ) ' (x) = sup f 
x : 
 2 [�; � ] g ; x 2 X :

Therefore, in higher dimensional spaces one could exp ect a kind of

in terpla y b et w een mildly regular sublinear functionals and compact

con v ex subsets of the space in question. In what follo ws w e shall sho w

that that is really the case.

The results sp ok en of in this pap er w ere presen ted b y the author

at the 36-th In ternational Symp osium on F unctional Equations (Brno,

Czec h Republic, 1998); see [4].

2. Main results

With no regularit y whatso ev er one can hardly imagine an y reasonable

description of sublinear functionals ev en on the real line. Indeed, an y

discon tin uos additiv e selfmapping of I R ma y serv e as an example of

nonmeasurable sublinear function that fails to b e of the form (�� ) and

hence also (
 ) . It turns out that, lik ewise in Theorem A, condition

(J) is necessary and su�cien t for getting the description desired.

Theorem 1. L et X b e a r e al lo c al ly c onvex Hausdor� line ar top o-

lo gic al sp ac e and let ' : X �! I R b e a subline ar functional satisfying

the (J) c ondition. Then, ther e exists exactly one nonempty c onvex and

we akly

�
-c omp act set A � X �

such that

( A ) ' (x) = sup f x � (x) : x � 2 Ag ; x 2 X :

Conversely, if X is a Bair e sp ac e (i.e. is of the se c ond Bair e c at-

e gory) for every nonempty c onvex and we akly

�
-c omp act set A � X �
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formula (A) de�nes a r e al subline ar functional on X that is Jensen

c onvex and c ontinuous.

In other wor ds, in every lo c al ly c omp act Bair e sp ac e ther e is a one-

to-one c orr esp ondenc e b etwe en the c ol le ctions of al l subline ar function-

als satisfying the (J) c ondition and al l nonempty c onvex and we akly

�
-

c omp act subsets of this sp ac e.

Pr o of. Let ' : X �! I R b e a sublinear functional enjo ying the (J)

prop ert y . It is easy to see that an y sublinear functional is necessarily

Q \ (0; 1 ) -homogeneous. Since, for ev ery x; y 2 X one has

'
�

x + y
2

�
=

1
2

' (x + y) �
' (x) + ' (y)

2
;

w e see that ' is Jensen con v ex and hence con tin uous. By a theorem of

E. Berz [1, Theorem 1.4 join tly with Remark 2.1] w e get the form ula

' (x) = supf f (x) : f : X �! I R is additive and f � ' g; x 2 X:

Due to the con tin uit y of ' all the additiv e functionals f o ccurring

under the sup sign ab o v e ha v e to b e con tin uous as w ell and then

automatically linear (recall that the space X is supp osed to b e a real

one). Consequen tly , one has

' (x) = supf x � (x) : x � 2 Ag; x 2 X;

where

A := f x � (x) 2 X � : x � (x) � ' (x); x 2 X g:

Clearly , the set A is nonempt y and con v ex and it is not hard to c hec k

(using the net tec hnique, for instance, and b earing in mind that the

w eak

�
-con v ergence coincides with the p oin t wise con v ergence) that A

is also w eakly

�
-closed.

No w, b ecause of the con tin uit y of the functional ' at zero and

the fact that ' v anishes at zero, one ma y �nd a con v ex and balanced

neigh b ourho o d U of the p oin t 0 2 X suc h that j' (x)j � 1 for all

x 2 U: Then the p olar set

U0 := f x � 2 X � : sup
x2 U

jx � (x)j � 1g

is w eakly

�
-compact (a generalization of the celebrated Banac h-Alaoglu

theorem, see e.g. K. Y osida's monograph [8, p. 137]). Note that since
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U is balanced, for ev ery functional x � 2 A and ev ery x 2 U one

has jx � (x)j � j ' (x)j � 1 sho wing that the w eakly

�
-closed set A is

con tained in the w eakly

�
-compact set U0

. Th us A is w eakly

�
-compact

as w ell.

T o pro v e the uniqueness of the represen tation (A), assume that for

some nonempt y con v ex and w eakly

�
-compact set B � X �

w e ha v e also

' (x) = sup f x � (x) : x � 2 Bg ; x 2 X:

In suc h a case, for ev ery x � 2 B and ev ery x 2 X w e obtain an

inequalit y x � (x) � ' (x); stating that B � A: Assume, for the indirect

pro of, that B 6= A: Then there exists a mem b er x �
0 of A that fails

to fall in to B , i.e. B \ f x �
0g = ; : Consequen tly , these t w o nonempt y

con v ex and w eakly

�
-compact sets B and f x �

0g can b e strictly separated

in the sense that there exists a w eakly

�
-con tin uous functional x ��

0 on

X �
suc h that

sup
x � 2 B

x ��
0 (x � ) < x ��

0 (x �
0):

It is w ell kno wn that x ��
0 b eing w eakly

�
-con tin uous has to ha v e the

form

x ��
0 (x � ) = x � (x0); x� 2 X � ;

for some x0 2 X: Therefore

' (x0) = sup f x � (x0) : x � 2 Bg = sup f x ��
0 (x � ) : x � 2 Bg

< x ��
0 (x �

0) = x �
0(x0) � supf x � (x0) : x � 2 Ag = ' (x0);

a con tradiction, whic h completes the pro of of necessit y .

Con v ersely , if a functional ' : X �! I R is of the form (A) with

A b eing a nonempt y con v ex and w eakly

�
-compact subset of X �

, then

it is ob viously con v ex (in particular, Jensen-con v ex). Moreo v er, ' is

lo w er-semicon tin uous as a p oin t wise suprem um of a family of con tin-

uous real functions. In particular, ' enjo ys the (J) prop ert y b ecause

an y lo w er-semicon tin uous Jensen-con v ex functional on a Baire space

is necessarily con tin uous (see e.g. Z. K ominek [6, Theorem 3.1]). Th us

the pro of has b een completed.

In the case where the underlying space is a Banac h one w e ha v e

the follo wing

Theorem 2. L et (X; k � k) b e a r e al Banach sp ac e and let

' : X �! I R b e a subline ar functional satisfying the (J) c ondition.



72 Sublinear F unctionals and W eak

�
-compactness

Then, ther e exists a nonempty close d c onvex and b ounde d set A � X �

such that the e quality (� ) holds true. Such a set A is unique pr ovide d

that the sp ac e (X; k � k) is r e�exive.

Conversely, for every nonempty b ounde d set B � X �
the formula

( B ) ' (x) = sup f x � (x) : x � 2 Bg ; x 2 X :

de�nes a r e al Lipschitzian subline ar functional on X .

Pr o of. Let ' : X �! I R b e a sublinear functional enjo ying the

(J) prop ert y . W e pro ceed lik e in the pro of of Theorem 1 getting a

represen tation (� ) with

A := f x � 2 X � : x � (x) � ' (x); x 2 X g

b eing nonempt y and con v ex. T o see that A is also closed it su�ces to

observ e that the con v ergence of a sequence of elemen ts of X �
in the

strong top ology implies the p oin t wise con v ergence of that sequence.

T o sho w that A is b ounded observ e that ' b eing con tin uous at zero

forces the existence of a p ositiv e � suc h that j' (x)j � 1 for all x from

a closed ball B(0; � ) cen tered at zero and ha ving radius � . Because of

the symmetry of that ball with resp ect to zero w e infer that for ev ery

mem b er x �
of A one has jx � (x)j � 1 whenev er x 2 B(0; � ) , whic h

immediately implies that kx � k � 1==�; therefore A � B(0; 1==�) .

The uniqueness of A ma y b e deriv ed along the same lines as in the

pro of of Theorem 1 with the only exception that no w the represen ta-

tion

x ��
0 (x � ) = x � (x0); x� 2 X � ;

results from the re�exivit y of X .

Con v ersely , if a functional ' : X �! I R is giv en b y the form ula

(B) with B b eing a nonempt y b ounded subset of X �
, then ha ving

kx � k � % for all x � 2 B;

w e obtain the inequalities

' (x) � supfj x � (x)j : x � 2 Bg � supfk x � k � kxk : x � 2 Bg � %kxk;

v alid for all x 2 X: Since, plainly , ' is sublinear w e conclude that

' (x) � ' (y) � ' (x � y) � %kx � yk;
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for all x; y 2 X . In terc hanging the roles of x and y w e get �nally

j' (x) � ' (y)j � %kx � yk; x; y 2 X:

Th us ' is Lipsc hitzian, as claimed. This ends the pro of.

Corollary 1. L et (X; (�j� )) b e a r e al Hilb ert sp ac e and let

' : X �! I R b e a subline ar functional satisfying the (J) c ondition.

Then, ther e exists a unique nonempty c onvex and we akly c omp act set

A � X such that

' (x) = sup f (ajx) : a 2 Ag; x 2 X:

Conversely, for every nonempty c onvex and we akly c omp act set

A � X the for e going formula establishes a r e al Lipschitzian subline ar

functional on X .

In other wor ds, in every r e al Hilb ert sp ac e ther e is a one-to-one

c orr esp ondenc e b etwe en the c ol le ctions of al l subline ar functionals sat-

isfying the (J) c ondition and al l nonempty c onvex and we akly c omp act

subsets of this sp ac e.

Pr o of. An y Hilb ert space is re�exiv e and selfconjugate. Therefore,

since closed con v ex sets are also w eakly closed and in re�exiv e spaces

the sets that are b ounded and w eakly closed are w eakly compact, it

remains to apply Theorem 2 and Riesz represen tation theorem for

con tin uous linear functionals.

3. Christensen measurable sublinear functionals

Christensen measurabilit y yields a generalization of the classical Haar

measurabilit y in lo cally compact groups on to the case of P olish top o-

logical groups. F or the details the reader is referred to J.P .R. Chris-

tensen's monograph [2].

Theorem 3. L et (X; k � k) b e a r e al sep ar able Banach sp ac e and

let ' : X �! I R b e a Christensen me asur able subline ar functional.

Then, ther e exists exactly one nonempty close d c onvex and b ounde d

set A � X �
such that the e quality (A) holds true.
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Conversely, for every nonempty close d c onvex and b ounde d set

B � X �
the formula (B) de�nes a Christensen me asur able subline ar

functional on X .

Pr o of. Let ' : X �! I R b e a Christensen measurable sublinear

functional. Clearly , ' is Jensen-con v ex. P . Fisc her and Z. S/lo dk o wski

[3] ha v e pro v ed, among others, that eac h Jensen-con v ex and Chris-

tensen measurable functional on a P olish linear space is automatically

con tin uous. Th us ' enjo ys the (J) prop ert y and it remains to apply

Theorem 2.

The latter assertion results also from Theorem 2 and the fact that

an y Lipsc hitzian and a fortiori con tin uous function on a P olish space

is Christensen measurable.

Corollary 2. L et ' : I R

n �! I R b e a L eb esgue me asur able

subline ar functional. Then, ther e exists exactly one nonempty c omp act

c onvex set A � I R

n
such that

' (x) = sup f (ajx) : a 2 Ag; x 2 X:

Conversely, for every nonempty c omp act c onvex set A � I R

n
the

for e going formula establishes a r e al Lipschitzian (and henc e L eb esgue

me asur able) subline ar functional on I R

n
.

Remark. F or n = 1 Corollary 2 reduces to E. Berz's theorem

sp ok en of in the In tro duction.

4. Concluding remarks

W e terminate this pap er with a few observ ations based on the results

presen ted ab o v e.

(a) T aking A to b e the closed unit ball in the dual space X �
of

a normed real linear space (X; k � k) w e deal with a w eakly

�
-

compact set in X �
(Banac h-Alaoglu theorem). The corresp ond-

ing sublinear functional (A) yields then nothing else but the

norm in X:

(b) Giv en a real Hausdor� lo cally compact space X , do es an y non-

empt y symmetric (with resp ect to 0), con v ex and w eakly

�
-com-

pact set A � X �
pro duce a norm in X ? In general, it do es not.
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Ho w ev er, it pro duces a seminorm in X. A ctually , if a set A � X �

enjo ys all these prop erties, then form ula (A) de�nes an ev en

sublinear functional on X and, according to E. Berz's result [1,

Corollary 1.8 join tly with Remark 2.1], there exist a real normed

linear space (Y;k � k) and an additiv e map L : X �! Y suc h

that

' (x) := supf x � (x) : x 2 Ag = kL(x)k; x 2 X:

Ob viously , b ecause of the con tin uit y of ' , that additiv e map L
constitutes a con tin uous linear op erator and the functional '
itself yields a seminorm in X .

Con v ersely , once ' is a seminorm on X , then there exists exactly

one con v ex symmetric with resp ect to zero and w eakly

�
-compact

set A � X �
suc h that equalit y (A) holds true; the existence of

A results directly from our Theorem 1 whereas the symmetry

follo ws from the ev enness of a seminorm and the uniqueness

stated in Theorem 1.

(c) T aking t w o distinct mem b ers a� ; b�
of the dual space X �

and

considering a segmen t A := f �a � +(1 � � )b� : � 2 [0; 1]g w e get a

w eakly

�
-compact set generating (via (A)) a con tin uous sublinear

functional on X

' (x) =
�

b� (x) whenev er a� (x) � b� (x)
a� (x) otherwise

(1)

In the case where A is symmetric (i.e. b� = � a�
) w e arriv e at

the form ula

' (x) = ja� (x)j; x 2 X;

whic h b ecomes a sp ecial case of the sublinear functional ' de-

riv ed in 2. in an en tirely di�eren t w a y .
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Abstract

A �nite lattice is W-irreducible if it cannot b e split in to t w o o v erlapping

lattices, one of them b eing an ideal and the other a �lter of the lattice. W e

giv e some c haracterization of �nite W-irreducible lattices.

In 1974 Andrzej W ro«ski ([7]) in tro duced an op eration � of sum of

lattices, whic h w e will call a W ro«ski's sum (or shortly , a W-sum) of

lattices. Its de�nition is follo wing: let L 0 = hL0; � 0i and L 1 = hL1; � 1

i b e lattices suc h that L0\ L1 is a �lter in L 0 and an ideal in L 1 and the

orderings � 0 and � 1 coincide on L0 \ L1 , then L 0 � L 1 = hL0 [ L1; �i ,

where � is the transitiv e closure of � 0 [ � 1 , is a W-sum of lattices

L 0 and L 1 .

It can b e sho wn that the W-sum of lattices (if there exists) is a lat-

tice, what is more, it preserv es some imp ortan t prop erties of lattices,

lik e distributivit y or mo dularit y . Ho w ev er, it do es not mean that all

lattice iden tities are preserv ed, for example the Desargues iden tit y is

not, since the W-sum of t w o arguesian in terv als can b e non-arguesian

(see [1]).

The W-sum of t w o �nite lattices can b e regarded as a sp ecial case

of K -gluing in tro duced b y Christian Herrmann in [5].

�
Extended v ersion of a talk presen ted at the IX Conference �Applications of

Algebra�, Zak opane, Marc h 7�13, 2005.
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Let (L x)x2 K b e a family of �nite lattices and let the index set

K b e also a �nite lattice. W e call the family (L x)x2 K a K -atlas with

o v erlapping neigh b ours if the follo wing conditions hold for ev ery x; y 2
K :

1. If L x � L y then x = y .

2. If x � y then L x \ L y 6= ; .

3. If x � y and L x \ L y 6= ; then the orders of L x and L y coincide

on the in tersection L x \ L y and the in terv al L x \ L y is at the

same time a �lter of L x and an ideal of L y .

4. L x \ L y = L x^ y \ L x_ y .

The structure L = h
[

x2 K

L x ; �i , where � is the transitiv e closure

of the union of orders of the lattices L x for x 2 K , is called the sum

of K -atlas with o v erlapping neigh b ours (or simply a K -gluing of the

family (L x)x2 K ).

Th us, it is clear that if �nite lattices L 0 and L 1 ful�ll W ro«ski's con-

ditions and no one is con tained in the another, then their W-sum is the

gluing of the K -atlas (L 0; L 1) , where K is a t w o-elemen t b o olean lat-

tice. Let us observ e, ho w ev er, that since w e can rep eat the W ro«ski's

sum of t w o lattices �nitely man y times, it is reasonable to regard it,

in general, as an iteration of the K -gluing with a t w o-elemen t sk eleton

K . F or some reasons, it is also imp ortan t to skip the �rst condition

of the K -atlas with o v erlapping neigh b ours. In can b e pro v ed that

the W-sum and K -gluing do not coincide. W e discussed this problem

carefully in [3].

A lattice L is H-irreducible if there is no non trivial lattice K and

a K -atlas (L x )x2 K suc h that L is the K -gluing of the atlas. W e ga v e

some c haracterization of H-irreducible lattices in [4].

It is said that a lattice L is W-irreducible i� there are no prop er

sublattices L 0 and L 1 of L suc h that L = L 0 � L 1 .

It is ob vious that ev ery H-irreducible lattice is W-irreducible but

not con v ersely . Here is a natural c haracterization of W-irreducible

�nite lattices:
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Theorem 1. F or every �nite lattic e L the fol lowing c onditions ar e

e quivalent:

1. L is W-irr e ducible;

2.

W
N (a) _ a = 1 L for every a 2 L n f 0L g;

3.

V
N (a) ^ a = 0 L for every a 2 L n f 1L g,

wher e N (a) is the set of al l elements of L which ar e not c omp ar able

with a.

Pro of .

Let us supp ose that x =
W

N (a) _ a < 1L for some a > 0L .

Let L0 = [0L ; x]; L1 = [ a;1L ]. Since x � a, w e get L0 \ L1 = [ a; x],

whic h is a �lter in L 0 and an ideal in L 1 . Th us L 0 � L 1 is a sublattice

of the lattice L .

On the other hand, let y 2 L . If y � a then y 2 L1 . If y � a then

y � x and hence y 2 L0 . In the case when a and y are incomparable

w e ha v e y 2 L0 . It means that L 0 � L 1 = L and b oth L 0 and L 1 are

prop er sublattices of L , whic h con tradicts the assumption.

No w, let us supp ose that L 0 � L 1 = L , where L 0 and L 1 are

prop er sublattices of L . Then L0 = [0L ; x] and L1 = [ y; 1L ], for some

y � x < 1L . If N (y) = ; then

W
N (y) _ y = y < 1L . Let a 2 N (y) .

Th us a 2 L0 and hence a � x . It yields

W
N (y) _ y � x < 1L .

Th us, w e pro v ed the equiv alence of 1. and 2. The pro of of the

equiv alence of 1. and 3. is analogous. �

The ab o v e Theorem describ es when a �nite lattice can b e split

in to t w o o v erlapping parts, one of them b eing an ideal and the other

a �lter of the lattice. It is easy to observ e that it cannot b e done to

an y �nite b o olean lattice, whic h means that �nite b o olean lattices are

W-irreducible. What is more

Corollary 2. A �nite distributiv e lattice is W-irreducible i� it is a

b o olean lattice.

Pro of

Let us supp ose that B is a �nite W-irreducible distributiv e lattice.

Then, b y Theorem 1, for ev ery nonzero a 2 B holds

W
N (a) _ a = 1B .

Let a 2 At (B) . Then a ^
W

N (a) = 0 B . Th us, ev ery atom of B has a
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complemen t and therefore there is a complemen t b of

W
At (B) . Since

b^ a = 0B for ev ery a 2 At (B) then b = 0B , whic h yields

b0 =
_

At (B) = 1 B:

W e conclude that B is atomistic and hence B is a b o olean lattice. �

The notion of W-irreducibilit y can also b e c haracterized in a dif-

feren t w a y .

Theorem 3. A �nite lattic e K is W-irr e ducible i� for every �nite

lattic es L 0 and L 1 such that ther e exists L 0 � L 1

(� ) K is an interval of L 0 � L 1 i�

(K is an interval of L0 or K is an interval of L1):

Pro of.

If K is not W-irreducible then there are prop er in terv als L 0 and

L 1 of K suc h that K = L 0 � L 1 . Th us K � L0 [ L1 but K 6� L0 and

K 6� L1 , whic h means that (*) do es not hold.

Let us supp ose no w that there are �nite lattices L 0 and L 1 suc h

that L 0 � L 1 exists and K is an in terv al of L 0 � L 1 but K 6� L0 and

K 6� L1 . W e shall pro v e that K is not W-irreducible. In particular,

w e are going to sho w that

K = ( K \ L 0) � (K \ L 1)

and K \ L 0 and K \ L 1 are prop er sublattices of K .

Let us denote, for simplicit y , L0 = [00; 10] and L1 = [01; 11]. Then,

b y the assumptions

00 � 0K � 11 and 01 � 10:

Th us

K \ L0 = [0K ; 1K ^ 10] 6= ; ;

K \ L1 = [0K _ 01; 1K ] 6= ; :

Then 0K � 1K ^ 10 and 0K _ 01 � 1K , so 0K _ 01 � 1K ^ 10 , whic h

pro v es that

K \ L0 \ L1 = [0K _ 01; 1K ^ 10] 6= ; :



J. Grygiel 81

Since K \ L0 \ L1 is a �lter of K\L 0 and an ideal of K\L 1 then there

exists (K \L 0) � (K \L 1) . Moreo v er, as 1K ^ 10 < 1K and 0K < 0K _ 01

then K \ L0 and K \ L 1 are prop er sublattices of K and

K = ( K \ L 0) � (K \ L 1): �

As a consequence of Theorem 3, w e get

Corollary 4. Let D1 and D2 b e distributiv e lattices suc h that there

exists D1 � D 2 and let B b e a b o olean lattice. If B is an in terv al of

D1 � D 2 then B is an in terv al of D1 or B is an in terv al of D2 .

Let us notice that ev ery �nite lattice can b e represen ted as a W-

sum of its W-irreducible in terv als. This observ ation together with

Corollary 4 yields the follo wing theorem, pro v ed b y K otas, W o jt ylak:

Theorem 5. (see [6]) Every �nite distributive lattic e c an b e r epr e-

sente d as a W-sum of its Bo ole an intervals.

Eac h represen tation of a �nite lattice K as a W-sum of its W-

irreducible in terv als is called a W-represen tation of K . The set of all

W-represen tations of a giv en lattice w as discussed in [2].
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Abstract

Cryptographic proto cols are v ery go o d to ols to ac hiev e authen tica-

tion in large distributed computer net w ork. These proto cols are pre-

cisely de�ned sequences of action (comm unication and computation

steps) whic h use some cryptographic mec hanism suc h as encryption

and decryption. It is w ell kno wn that the design of authen tication

cryptographic proto cols is error prone. Sev eral proto cols ha v e b een

sho wn �a w ed in computer securit y literature. Due to this it is neces-

sary to ha v e some metho ds of analysis and prop erties v eri�cation of

these proto cols. In in v estigations of these prop erties a suitable formal

mo del is needed. This mo del should express all imp ortan t prop erties

and ideas of proto cols. In this pap er w e prop ose a new formal mo del

of "honest" executions of cryptographic authen tication proto col. W e

hop e that this mo del is a go o d startp oin t for further in v estigations

and will b e usefull in v eri�cation of real executions of cryptographic

proto cols.

Keyw ords: Cryptographic authen tication proto cols, v eri�cation, mo del

c hec king.

�
Extended v ersion of a talk presen ted at the IX Conference �Applications of

Algebra�, Zak opane, Marc h 7�13, 2005.
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1 In tro duction

Authen tication is the pro cess b y whic h participan ts in a computer net-

w ork pro v e their iden tit y . Usually , principals share a sp ecial random

n um b er (secret) with some trusted mac hine, called an authen tication

serv er. By pro ving p ossession of this n um b er, a principal can establish

trust in its iden tit y . Authen tication in a large, distributed system is

c hallenging b ecause participan ts comm unicate o v er a net w ork that is

vulnerable to man y In truders attac ks. A passiv e In truder can b e on

line and obtain sensitiv e information. An activ e In truder can obtain

and mo dify messages and insert his o wn data to the net. Encryption

can unable the attac ks of an activ e in truder. Man y encryption sc hemes

preserv e the in tegrit y prop ert y , where an y mo di�cation to some part

of the data causes the decryption to fail. Th us, without kno wledge of

the k ey , an activ e, malicious In truder's abilit y is limited to blo c king

data from reac hing its destination. Suc h an In truder can imp ersonate

some participan t in the computer net w ork and in tercept his righ ts and

privileges.

The problem of lo oking for metho ds of correctness v eri�cation of

the cryptographic authen tication proto cols is still imp ortan t. In the

last decade man y metho ds and results are in tro duced and published.

These metho ds allo w ed to disco v er man y kinds of attac ks up on the

authen tication proto cols (see for example [1, 7�10]).

Catherine Meado ws in [13] de�nes four approac hes to the analysis

of cryptographic proto cols

�
:

[1] T o mo del and v erify the proto col using sp eci�cation languages

and v eri�cation to ols not sp eci�cally dev elop ed for the analysis

of cryptographic proto cols.

[2] T o dev elop exp ert systems that a proto col designer can use to

dev elop and in v estigate di�eren t scenarios.

[3] T o mo del the requiremen ts of a proto col family using logics de-

v elop ed for the analysis of kno wledge and b elief.

�
Another in teresting pap er with rather complete information on this topic is

[5].
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[4] T o dev elop a formal mo del based on the algebraic term-rewriting

prop erties of cryptographic systems.

The most e�ectiv e metho d of v eri�cation of the authen tication cry-

tographic proto cols is mo del c hec king of the sp ecially de�ned partially

ordered spaces whic h express executions of the proto cols in the real

net w ork.

The applied b y man y researc hers tec hniques, whic h uses mo del

c hec king of the sp ecially de�ned spaces whic h express executions of

the proto cols in the real net, enabled to �nd man y attac ks up on the

proto cols. The b est examples are pap er b y G. Lo w e [7�10], C. Mead-

o ws [12�16] and E. Clark es group [3, 4, 11] and a few others [2, 17]. In

these pap ers in teresting de�nitions of computer net w ork mo dels w ere

giv en.

Usually mo del c hec king tec hniques pro vide some problems in v er-

i�cation. Main of these problems is explosion of states of constructed

spaces.

In this pap er w e presen t a new abstraction de�nition of cryto-

graphic authen tication proto cols and new de�nition of proto cols ex-

ecutions. W e de�ne also a space of all executions of these proto cols.

Ob viously this space is v ery h uge. W e sho w ho w in tro duce some re-

lations whic h allo ws considering di�eren t executions without carrying

another ones.

�

2 Syn tax

Due to the di�erence of cryptographic authen tication proto cols it is

di�cult to giv e the mo del of proto col executions space whic h has do

with ev ery kinds of these proto cols.

W e ma y also notice that attac ks up on the proto cols are due to the

w eakness of the structure of sending messages during the proto col exe-

cutions. In the b elo w consideration w e assume that ev ery user of the

net (the In truder to o) ma y execute ev ery actions. The only conditions

�
This in v estigations are due to authors PhD dissertation [6].
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are p ossesing a suitable cryptographic k ey to decrypting/encrypting

messages and p ossesing secrets used in messages.

Belo w w e giv e the basic syn tactic de�nitions of our mo del. Let:

ZP = fP 1; P2; P3 : : : g - b e the coun table set of sym b ols represen t-

ing the users of the computer net w ork.

ZA = fA 1; A 2; A 3; : : : g - b e the coun table set of sym b ols repre-

sen ting the sym b ols of an alphab et.

ZK = fK 1; K2; K3 : : : g - b e the coun table set of sym b ols represen t-

ing the cryptographic k eys.

ZS = fS 1; S2; S3 : : : g - b e the coun table set of sym b ols represen t-

ing the con�den tial informations (ex. nonc es ).

Auxiliary sym b ols: , ( ) { }.

De�nition of the set of messages therms T . Let T b e a smallest

set that ful�ls:

[1] ZP [ Z A [ Z K [ Z S � T .

[2] If X 2 T and Y 2 T , then the sequence (X; Y ) 2 T ,

[3] If X 2 T and K 2 Z K , then f X gK 2 T ( f X gK is the therm

that is in terpreted as the ciphertext con taining the message X
encrypted under the k ey K ).

De�nition. The step of the pseudopr oto c ol w e call an y kind of

elemen t of cartesian pro duct ZP 
 Z P � T �
.

W e denote steps of pseudoproto cols b y �; � etc.

De�nition. By the pseudopr oto c ol w e mean an y �nite sequence of

steps (� 1; � 2; : : : ; � n) .

W e denote pseudoproto cols b y � ; � etc.

F or simplify , w e will accept the follo wing notations:

If � = ( � 1; � 2; : : : ; � n ) , then w e denote all steps of the proto col b y:

� �
i , dla i = 1; 2: : : ; n .

� A 
 A denote the cartesian pro duct without pairs lik e (a; a) .
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3 Computational structure

W e will no w presen t the construction of the partial order structure

whic h express the realit y of sending messages while authern tication

proto cols are executed in the real computer net w ork. No w w e assume

that all users b eha v e prop erly . Let:

� P = f P1; P2; : : : ; PkP g b e a set of co op erating with eac hother

users of the computer net w ork,

� A = f a1; a2; : : : ; akA g b e a set of sym b ols of an y �nite alphab et,

� K = f K 1; K 2; : : : ; K kK g b e a set of cryptographic k eys (already

existing or p ossible to b e generated) of the users of the net,

� S = f S1; S2; : : : ; SkS g b e a set of con�den tial messages (ex.

nonc es ).

De�nition. By the set of messages L w e mean the smallest set

satisfying follo ws:

[1] P [ A [ K [ S � L ,

[2] If X 2 L i Y 2 L , then a sequence (X; Y ) 2 L ,

[3] If X 2 L i K 2 K , then f X gK 2 L ( f X gK is the ciphertext

con taining the message X encrypted under the k ey K ).

Lets consider all partial iniection f whic h map f : dom(f ) ! L ,

where dom(f ) � T , satisfying the follo wing conditions:

[1] f (ZP ) � P ,

[2] f (ZA ) � A ,

[3] f (ZK ) � K ,

[4] f (ZS) � S,

[5] 8X;Y 2T ( g(X; Y )) = g(X ); g(Y) ) (homomorphism);

[6] 8X 2T 8K 2Z K ( g(f X gK )) = f g(X )gg(K )):
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De�nition. W e call function f b y p artial interpr etations of the

set T .

W e denote b y F the set of all partial in terpretations of the set T .

De�nition. By the essential sp ac e w e mean a pair (P;F ) .

De�nition. If P; Q 2 Z P \ dom(f ) and L 2 dom(f ) , then the

triple (f (P); f (Q); f (L )) w e call the step pseudopr oto c ol interpr etation

� = ( P; Q; L ) . If a step � is i - this step of the proto col � , then its

in terpretation w e will denote b y � (f; � ; i ) .

De�nition. By the exe cution of the pseudopr oto c ol

� = ( � �
1 ; � �

2 ; : : : ; � �
n )

with in terpretation f w e mean the sequence:

(� (f; � ; 1); � (f; � ; 2); : : : ; � (f; � ; n)) :

Because v eri�cation can b e lead across for only one proto col, w e

will consider only one proto col � . This do esn't mean that there is a

limit for further consideration.

De�nition. By the run w e mean an y �nite or not sequence of the

proto col steps in terpretations � :

r = ( � 1(f 1; � ; i1); � 2(f 2; � ; i2); : : : ; � n (f n ; ; � ; in ); : : : )

whic h ful�ls the follo wing conditions:

[1] 8n2 N + [in > 1 ) 9 k<n ( f k = f n ^ i k = in � 1)];

[2] 8i;j 2 N + (f i 6= f j ) f i (S) \ f j (S) = ; ):

De�nition. By the sp ac e of pr oto c ol runs R w e mean the set of

all runs.

De�nition. The pr e�x of the run r is an arbitrary (ex. empt y)

its b eginning sector.

De�nition. By 
 w e mean the set of all pre�xes of runs from the

set R .
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W e no w in tro duce a binary relation b et w een elemen ts of the set


 . Let:

r 1 = ( � 1
1(f 1

1 ; � ; i1
1); � 1

2(f 1
2 ; � ; i1

2); : : : ; � 1
n(f 1

n ; � ; i1
n ))

r 2 = ( � 2
1(f 2

1 ; � ; i2
1); � 2

2(f 2
2 ; � ; i2

2); : : : ; � 2
m (f 2

m ; � ; i2
m ))

b e arbitrary runs pre�xes from 
 .

De�nition. Let R � 
 � 
 b e a binary relation suc h that:

r 1Rr 2 � df (f 1
n = f 2

m ^ i1
n = i2

m ):

Lemma. The relation R is re�exiv e, symmetric and transitiv e,

i.e. it is an equiv alence relation.

Consider the set 
 R of all equiv alence classes of the relation R .

Observ e that ev ery equiv alence class [r ]R from 
 R is represen ted

b y a certain steps in terpretation of the proto col � (f; � ; i ) whic h is a

least elemen t of an y pre�x from the set [r ]R .

T o simplify our consideration w e denote all equiv alence classes [r ]R
b y [� (f; � ; i )] (where � (f; � ; i ) is the least elemen t of ev ery pre�x

b elonging to the class [r ]R ).

In suc h constructed the set 
 R w e in tro duce the follo wing binary

re-

lation:

Let [� (f n f ; � ; in i )] and [� (f m f ; � ; im i )] b e arbitrary elemen ts from


 R .

De�nition. Let � � 
 R � 
 R , b e a binary relation suc h that:

[� (f n f ; � ; in i )] � [� (f m f ; � ; im i )] � df

� df ( f n f = f mp ^ in i � im i ):

Lemma. The relation � is re�exiv e, an t ysymmetric and transi-

tiv e, i.e. it is a partial order relation.
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The structure constructed ab o v e enables describing the pro cess of

sending information during the actual executions of authen tications
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proto cols. No w w e presen t the adv an tages comming from the structure

de�ned ab o v e.

The meto ds based on mo del c hec king often face the problem of

states explosion in the space whic h describ e a giv en problem. It is

not hard to notice that the case of building space for authen tication

proto cols is similar.

Lets consider the follo wing example of a proto col, in whic h exange

with three messages tak es place.

W e ma y iden tify the space of all p ossible runs with a tree of a

common ro ot, whose maxim um paths are runs and the ro ot is the

empt y pre�x. During the automatic searc h of this space, w e consider

the same steps of a giv en execution. W e sho w this t yp e of situation in

the dra wing b elo w.
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After applicating the reduction ab o v e, the partial order structure

(the space) of the executions of the proto cols is presen ted as follo ws:

Eac h execution of a proto col ma y b e considered separately . Ho w-

ev er, lets notice, that after applying the reduction individual steps

in the structure are really equiv alence classes con taining all pre�xes

of the runs ending on a giv en step. Therefore, examining individual

executions, w e don't lose the general idea.
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Recall that in the b eginning of our re�ections w e ha v e established

that ev ery user of the net w ork is honest. Therefore, this construction

do es not enable examination of space of the execution of proto cols

with an In truder taking part.

4 Conclusion and future w ork

In this pap er w e ha v e presen ted a new de�nition of crytographic

authen tication proto cols and new de�nition of proto cols executions.

W e also de�ned a space of all executions of these proto cols. T o de-

crease n um b er of states in our mo del w e ha v e prop osed some partial

order reduction.

In v estigated structures allo ws expresing of authen tication proto-

cols executions without In truder. Ob viously in real executions partic-

ipan ts whic h comm unicate to eac h other in a computer net w ork are

vulnerable to In truders attac ks. W e hop e that this mo del is a go o d

startp oin t for further in v estigations and will b e usefull in v eri�cation

of real executions of cryptographic proto cols with some mo del of In-

truder.
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The problem of the lik eliho o d function calculation is examined at

parameter estimation of the sto c hastic pro cess describing c hange of

in terest rates in the �nancial mark et. Suc h problem arises, when it

is supp osed, that pro cess is not usual di�usion pro cess, but p ossesses

con tin uous deriv ativ es. In this case the incremen ts of pro cess b ecome

correlated, and for the lik eliho o d function ev aluation it is necessary to

in v ert a matrix of the high order equal to sample size. As is kno wn the

calculation of recipro cal matrixes of the high order either is imp ossible

or results in essen tial mistak es of calculation. In pap er the w a y to

a v oid this di�cult y is o�ered.

One of the most imp ortan t parameters of the �nancial mark et is

so-called the riskfree in terest rate. Its c hanges in time are usually gen-

erated b y sto c hastic pro cess. More often as suc h pro cess one c ho oses

a di�usion pro cess. Ho w ev er the di�usion pro cess, whic h is p ossess-

ing indep enden t incremen ts and not di�eren tiated with probabilit y

unit, not alw a ys adequately represen ts the real mark et c hanges of the

in terest rate. In this connection in [1] for mo delling of the in terest

rate pro cess r (t) it is o�ered to use the sto c hastic pro cess ha ving the

�
Extended v ersion of a talk presen ted at the IX Conference �Applications of

Algebra�, Zak opane, Marc h 7-13, 2005.
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�rst deriv ativ e r 0(t) , whic h is a di�usion pro cess:

dr0(t) + 2 ar0(t)dt + b[r (t) � � ]dt = �dW (t): (1)

As the real in terest rates are observ ed in discrete time the di�erence

v ersion of this equation is more con v enien t for practical application.

This can b e written do wn in the form

r k+2 = ( e1 + e2)r k+1 � e1e2r k + � 1(k) + � 2(k); (2)

where r k � r (kh) � �; h - an unit of discrete time; � - stationary mean

of pro cess; e1 = e� 1h; e2 = e� 2h; � 1; � 2 - the ro ots of the c haracteristic

equation

� 2 + 2a� + b= 0; (3)

f � 1(k)g and f � 2(k)g � the sequences of normally distributed m utually

indep enden t random v ariables with zero exp ectation and suc h, that

v ar [� 1(k)] = � 2
 , v ar [� 2(k)] = � 2� , but co v [� 1(k + 1) ; � 2(k)] = � 2� ; k =
0; 1; 2; ::: The sequence of random v ariables generated b y mo del (2), is

similar to kno wn pro cess ARMA(2,1), but di�ers from it that there is

a correlation b et w een � 1(k + 1) and � 2(k) . Let's notice that the v alues

� 1; � 2; 
; �; � are expressed in the analytical form (though also rather

bulky) through parameters of initial mo del a and b of pro cess r (t) [2].

W e shall men tion them here for con v enience:


 + � =
1

(� 2 � � 1)2

�
(e2

1 � 1)(e2
2 + 1)

2� 1
+

(e2
2 � 1)(e2

1 + 1)
2� 2

+ 2
1 � e2

1e
2
2

� 2 + � 1

�
;

� =
1

(� 2 � � 1)2

�
e1

1 � e2
2

2� 2
+ e2

1 � e2
1

2� 1
�

(e1 + e2)(1 � e1e2)
� 2 + � 1

�
:

Let us consider a problem of parameter estimation of mo del (1) b y

sample of observ ations of in terest rates f r (kh); k = � 1; 0; 1; 2; :::; ng.

F or this purp ose the relation (2) is more con v enien t to rewrite in the

form yk+2 = �� k+2 ; where yk+2 � r k+2 � (e1 + e2)r k+1 + e1e2r k ; �� k+2 �
� 1(k) + � 2(k):

The v ector of random v ariables (� 2 � 3 ::: � n ) is normally distributed

with zero exp ectation and a co v ariance matrix � n = (� ij ) with ele-

men ts

� ii = 
 + � ; � ij = �; if ji � j j = 1;
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� ij = 0; if ji � j j > 1; 1 � i; j � n: (4)

Therefore logarithmic function of lik eliho o d will lo ok lik e:

n ln � 2 + ln det � n + Y T
n � � 1

n Yn=� 2; (5)

where Y T
n � (y1; y2; :::; yn) . Minimization (5) on � 2

giv es an estimate

�̂ 2 = Y T
n � � 1

n Yn=n (up to parameters a and b).

Substitution of the estimate in logarithmic function of lik eliho o d

(5) results in a problem of minimization of expression

(det � n )1=n(Y T
n � � 1

n Yn ) (6)

b y parameters a and b.

A t great size of sample n direct calculation of expression (6) is

incon v enien t and implies enough large computing errors.

The purp ose of this pap er in sp ecifying the recurren t w a y of cal-

culation (6) whic h is not resulting the large errors, p eculiar to usual

pro cedures of calculation of determinan ts of the high order and in v erse

matrixes of the high order.

Let's in tro duce the notations:

Dn � det � n ; Qn � Y T
n � � 1

n Yn ; oT
n � (0 0::: 0 � ) � n -v ector-ro w,

o1 = � ; vn � oT
n � � 1

n on ; qn � Y T
n � � 1

n on ; � k+1 � (
 + � � oT
k � � 1

k ok)� 1:

Prop osition 1. If a matrix � n it is comp osed of the elemen ts

determined b y form ulae (4) the next recurren t relations tak e place

Dk = ( 
 + � )Dk� 1 � � 2Dk� 2; k > 1; D1 = 
 + �; D 0 = 1;

Qn = Qn� 1 + � n� 1(yn � qn� 1)2; Q1 = y2
1=(
 + � ); (7)

qk = �� k(yk � qk� 1); k > 1; q1 = �� 1y1;

� k = Dk� 1=Dk ; � k = ( 
 + � � vk� 1)� 1; k > 1; � 1 = ( 
 + � )� 1;

vk = � 2(
 + � � vk� 1)� 1; k > 1; v1 = � 2(
 + � )� 1:

Pro of. Dn is kno wn the Jacobi determinan t. The recurren t for-

m ula of its calculation is kno wn [3]. F or the pro of of other recurren t

form ulae w e shall use adv an tage of represen tation of an in v erse matrix

for matrix An set in the blo c k form [4]:
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A � 1
n =

�
An� k ank

akn Ak

� � 1

=

=

 
[An� k � ank A � 1

k akn ]� 1 � A � 1
n� kank [Ak � akn A � 1

n� kank ]� 1

� [Ak � akn A � 1
n� kank ]� 1akn A � 1

n� k [Ak � akn A � 1
n� kank ]� 1

!

(8)
More con v enien t represen tation of blo c ks of this in v erse matrix can

b e receiv ed, using the statemen t from [4]: if square matrixes B; A; P
are nonsingular, a matrix, in v erse to A = B + XP Y , is represen table

as

B � 1 = A � 1 � A � 1X (P � 1 + Y A� 1X )� 1Y A� 1:

Therefore in the presen tation (8)

[An� k � ank A � 1
k akn ]� 1 = A � 1

n� k + A � 1
n� kank (Ak � akn A � 1

n� kank )� 1akn A � 1
n� k :

F or receiving of the recurren t form of the in v ersion of a matrix

� n = An it is con v enien t to tak e An� k = � n� 1; ank = on� 1; akn =
oT

n� 1; Ak = 
 + �: Then

� � 1
n =

 
� � 1

n� 1 + � n � � 1
n� 1on� 1oT

n� 1�
� 1
n� 1 � � n � � 1

n� 1on� 1

� � noT
n� 1�

� 1
n� 1 � n

!

;

where � n = ( 
 + � � oT
n� 1�

� 1
n� 1on� 1)� 1:

F urther represen ting Yn in the blo c k form Y T
n = ( Y T

n� 1yn) giv es

Y T
n � � 1

n Yn = Y T
n� 1�

� 1
n� 1Yn� 1 + � n (Y T

n� 1�
� 1
n� 1on� 1)2�

� 2� nyn (Y T
n� 1�

� 1
n� 1on� 1) + � ny2

n :

Applying the accepted designations for Qn and qn , w e ha v e

Qn = Qn� 1 + � n� 1(yn � qn� 1)2:

Use of the blo c k form for � � 1
n ; YT

n and oT
n giv es

Y T
n � � 1

n on = �� nyn � �� nY T
n� 1�

� 1
n� 1on� 1

i. e. qn = �� n (yn � qn� 1):
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No w w e shall use adv an tage of the blo c k form for � � 1
n to calculate

oT
n � � 1

n on : Let's notice, that the �rst n � 1 comp onen ts of a v ector on

are zero, and last is equal �: Therefore

oT
n � � 1

n on = � 2(
 + � � oT
n� 1�

� 1
n� 1on� 1)� 1;

so vn = � 2(
 + � � vn� 1)� 1; v1 = � 2(
 + � )� 1: F urthermore vn = � 2� n :
Let us notice that the recurren t relation for Dn can b e written as

Dk

Dk� 1
= 
 + � � � 2 Dk� 2

Dk� 1
; or

Dk� 1

Dk
=

1


 + � � � 2 D k � 2

D k � 1

;
D0

D1
=

1

 + �

;

and these relations just also determine � k ; i.e. w e ha v e � k = Dk� 1=Dk ;
or Dk = (

Q k
i =1 � i )� 1: It �nishes the pro of of the prop osition.

Using recurren t form ulae (7) it is p ossible to construct computing

pro cedure of logarithmic function of lik eliho o d (6) enough simply and

con v enien tly .

Let us consider a problem of con v ergence of the receiv ed recurren t

relations. The basic recurren t pro cedure is a calculation of v alue vk as

through it are expressed Dk and � k : F or the analysis of con v ergence it

is con v enien t to en ter v alues ! k � vk=(
 + � ) and � � �=(
 + � ): Then

for ! k the simple recurren t relation is receiv ed

! k = � 2=(1 � ! k� 1); ! 0 = 0: (9)

Its prop erties dep end on v alue only one parameter �: Let us notice,

that this parameter has the sense of a correlation co e�cien t and con-

sequen tly on absolute v alue nev er exceeds units. Limiting v alue ! k at

k ! 1 it is determined b y the equation ! 2
1 � ! 1 + � 2 = 0; ha ving

t w o ro ots. The greater ro ot is a unstable limit, therefore recurren t

sequence f ! kg con v erges to a limit

! 1 = (1 �
p

1 � 4� 2)=2:

F or � � 0; 5; that is usually carried out in practice, monotonous

con v ergence tak es place f ! kg ! ! 1 , and ! k increases from zero up to

! 1 : T o c haracterize pro cess of con v ergence in this case it is con v enien t

to examine the ratio ! k=! 1 ; whic h determines a degree of con v ergence

for ev ery k: In table 1 the v alues of ! k=! 1 are presen ted for v arious

� � 0; 5: F or 9 iterations con v ergence of 90% for all � � 0; 5 is
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guaran teed, and for � � 0; 4 con v ergence up to 99% is reac hed after

4 iterations. The slo w est con v ergence is observ ed for critical v alue

� = 0; 5: In this case con v ergence of 95% is reac hed after 19 iterations,

and of 99% after 94 iterations.

T able 1

V alues of the con v ergence parameter f ! kg ! ! 1 (in p ercen tage) for

v arious �

k � = 0,1 � = 0,2 � = 0,3 � = 0,4 � = 0,49 � = 0,5

1 98,99% 95,83% 90,00% 80,00% 59,95% 50,03%

2 99,99% 99,82% 98,90% 95,24% 78,89% 66,71%

3 100,00% 99,99% 99,98% 98,82% 87,64% 75,05%

4 100,00% 100,00% 99,99% 99,71% 92,37% 80,05%

5 100,00% 100,00% 100,00% 99,93% 95,15% 83,39%

The analysis of explicit expression for � � �=(
 + � ) as functions of

parameters a; b and h sho ws, that � 2 (0; 1=4); and the maximal v alue

� = 1=4 is accepted in a limiting case, when h ! 0; a ! 0; b ! 0: Then

from tab. 1 follo ws, that in a problem examined b y us the recurren t

pro cedure (9) con v erges for 4 iterations.

As it w as noted earlier [5], the equation (1) can b e considered as

expanded the V asicek mo del in the sense that mo del (1) and the V a-

sicek mo del will generate pro cesses with the constan t (not dep enden t

on r ) v olatilit y � and a v ariance � 2=2k = v ar [r (t)]: In the literature

there are results of parameter estimation of the V asicek mo del for real

�nancial pro cesses [6-9]. In tab. 2 these estimations and results of

calculations on their basis of ro ots of the c haracteristic equations used

ab o v e, and also v alues 
 + �; �; � are resulted. (Ro ots � 1 and � 2 of

c haracteristic equations (3) can b e complex. It turns out for mo dels

from [8-9]. In this case in the table real and imaginary parts of these

ro ots are resulted with use of a designation � 1 = � � i�; � 2 = � + i�: )

As in real problems the recurren t pro cedure (9) practically con-

v erges for 4 iterations, in form ulas for calculation of logarithmic func-

tion of lik eliho o d it is p ossible to use limiting v alues of sizes Dk ; � k ; qk

and ! k that are calculated recurren tly when the size of sample n is

great enough.
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T able 2

Numerical v alues of parameters of mo dels describ ed in pap ers [6-9]

P arameter CKLS Bali Ait-Sahalia Ait-Sahalia

(1992) (1999) (1996) (1999)

� 0,0866 0,0642 0,0891 0,0717

� 0,020 0,0077 0,0467 0,0224

a 0,5 0,5 0,5 0,5

k 0,1779 0,0436 0,8584 0,2610

h 1/12 1/12 1/365 1/12

� 1 or � 0,7685 0,9543 0,5 0,5

� 2 or � 0,2315 0,0457 0,7800 0,1049

lg(
 + � ) -3,3572 -3,4496 -7,8642 -3,4497

lg(� ) -4,3311 -4,0517 -8,4662 -4,0518

� 0,1062 0,24992 0,2500 0,24996

CKLS (1992): the ann ualized one-mon th U.S. T reasury bill yield from

June 1964 to Decem b er 1989 (306 observ ations). Ait-Sahalia (1996):

the 7-da y Euro dollar dep osit sp ot rate, daily from 1 Jun 1973 to 25

F eb 1995 (5505 observ ations). Bali (1999): ann ualized one-mon th

U.S. T reasury bill yield from June 1964 to Decem b er 1996 (390 obser-

v ations). Ait-Sahalia (1999): the F ederal Reserv e System funds data

mon thly from Jan uary 1963 to Decem b er 1998.

Let us designate

� � � 1 =
! 1

(
 + � )� 2
=

1 �
p

1 � 4� 2

2(
 + � )� 2
; �� =

1 �
p

1 � 4� 2

2�
:

Then

det � n = Dn =

 
nY

j =1

� j

! � 1

�
1

� n
=

 
2� 2(
 + � )

1 �
p

1 � 4� 2

! n

=

= [( 
 + � )(1 +
p

1 + 4� 2)=2]n :

qk =
kX

j =1

(� 1)k� j yj

kY

i = j

(�� i ) �
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�
kX

j =1

(� 1)k� j yj (�� )k� j +1 = ��
k� 1X

j =0

yk� j (� �� ) j :

Qn � Y T
n � � 1

n Yn =
nX

k=1

� k(yk � qk� 1)2 � �
nX

k=1

 
k� 1X

j =0

yk� j (� �� ) j

! 2

:

Th us w e receiv e an appro ximation logarithmic function of lik eli-

ho o d as

(det � n )1=n(Y T
n � � 1

n Yn) �
nX

k=1

 
k� 1X

j =0

yk� j (� �� ) j

! 2

; (10)

whic h is essen tially easier, than the form ula (6). Ho w ev er expression

(10) y et is not completely ready for calculations.

Let us notice that b y de�nition r k = r (kh) � �: It means, that

yk+2 = r k+2 � (e1 + e2)r k� 1 + e1e2r k =

r ((k + 2) h) � (e1 + e2)r ((k + 1) h) + e1e2r (kh) � (1 � e1)(1 � e2)�:

Th us the observ able v alues are r (kh); k = � 1; 0; 1; 2; :::; n: It means,

that expression (10) implicitly includes one more unkno wn parameter

of mo del � , whic h needs to b e estimated. It directly is not connected

to parameters of mo del a and b and consequen tly can b e estimated

irresp ectiv e of them, ho w ev er this estimation will dep end on a matrix

� n ; i.e. �nally , from estimations of parameters a and b:
Let us receiv e an explicit dep endence of expression (10) on � and

also w e minimize it on this parameter. W e shall presen t v ector Yn as

Yn � Rn � � (1 � e1)(1 � e2)1n ;

where 1n � v ector comp osed of units, and RT
n � (Rn1; Rn2; :::; Rnn )

� v ector not dep enden t on � with comp onen ts Rnk � r (kh) � (e1 +
e2)r ((k � 1)h): Then it is p ossible to write do wn

Y T
n � � 1

n Yn = ( Rn � � (1 � e1)(1 � e2)1n )T � � 1
n (Rn � � (1 � e1)(1 � e2)1n):
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Minimization of this expression on � giv es estimate

�̂ =
1

(1 � e1)(1 � e2)
1T

n � � 1
n Rn

1T
n � � 1

n 1n
:

This estimation is un biased, E[�̂ ] = �; and its v ariance is

v ar [�̂ ] =
1

1T
n � � 1

n 1n

�
�

(1 � e1)(1 � e2)

� 2

:

Submitting v alue �̂ in expression for Yn instead of � , w e receiv e new

represen tation for Yn ; already indep enden t from unkno wn parameter.

Yn =
�

I �
1n1T

n � � 1
n

1T
n � � 1

n 1n

�
Rn ; (11)

where I - an unit matrix.

Using represen tation (11) in expression (6), w e receiv e expression

for logarithmic function of lik eliho o d through a v ector Rn ; determined

b y observ able v alues r (kh); k = � 1; 0; 1; 2; ::: :

(det � n )1=n(Y T
n � � 1

n Yn) = (det � n )1=n

�
RT

n � � 1
n Rn �

(1T
n � � 1

n Rn )2

1T
n � � 1

n 1n

�
:

(12)
F or simpli�cation of calculation of this expression again w e shall

use adv an tage of recurren t pro cedures.

Prop osition 2. The follo wing recurren t relations tak e place

1T
n � � 1

n 1n = 1T
n� 1�

� 1
n� 11n� 1 + � n(1 � 1T

n� 1�
� 1
n� 1on� 1)2; 1T

1 � � 1
1 11 = � 1;

1T
n � � 1

n on = �� n (1 � 1T
n� 1�

� 1
n� 1on� 1) =

=
nX

m=1

(� 1)n� m
nY

k= m

(�� k); 1T
1 � � 1

1 o1 = � ;

1T
n � � 1

n Rn = 1T
n� 1�

� 1
n� 1Rn� 1+

+ � n (1 � 1T
n� 1�

� 1
n� 1on� 1)(Rnn � oT

n� 1�
� 1
n� 1Rn� 1);
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1T
1 � � 1

1 Rn1 = � 1Rn1;

oT
n � � 1

n Rn = �� n (Rnn � oT
n� 1�

� 1
n� 1Rn� 1) =

nX

m=1

(� 1)n� m Rnm

nY

k= m

(�� k);

oT
1 � � 1

1 R1 = �R n1:

Pro of of these relations practically rep eats pro ofs of similar rela-

tions of the prop osition 1 and consequen tly here is not resulted.

Using the prop ert y of fast con v ergence of recurren t pro cedures for

enough high n it is p ossible to �nd the approac hed v alues of the v alues

determining a relation (12):

1T
n � � 1

n on =
nX

m=1

(� 1)n� m
nY

k= m

(�� k) � ��
nX

m=1

(� �� )n� m �
��

1 + ��
;

1T
n � � 1

n 1n � 1T
n� 1� � 1

n� 11n� 1 + �
�

1 �
��

1 + ��

� 2

�
n�

(1 + �� )2
;

1T
n � � 1

n Rn � 1T
n� 1�

� 1
n� 1Rn� 1 +

�
1 + ��

nX

m=1

(� �� )n� m Rnm �

�
�

(1 + �� )2

nX

m=1

Rnm ;

RT
n � � 1

n Rn �
�

1 � (�� )2

nX

i =1

nX

j =1

Rni Rnj (� �� ) j j � i j:

No w w e use the receiv ed results in expression (12) for logarithmic

function of lik eliho o d that giv es the follo wing appro ximate form ula

con v enien t for calculation of minimizing function

(det � n )1=n

�
(RT

n � � 1
n Rn �

(1T
n � � 1

n Rn )2

1T
n � � 1

n 1n

�
�

�
1

1 � (�� )2

nX

i =1

nX

j =1

Rni Rnj (� �� ) j j � i j �
1

n(1 + �� )2

 
nX

m=1

Rnm

! 2

:

(13)
Let us remind that in form ula (13) comp onen ts of v ector Rn are

determined b y equalit y Rnk � r (kh) � (e1 + e2)r ((k � 1)h); where

r (kh); k = � 1; 0; 1; 2; :::; are mark et observ ations of the in terest rates.

The form ula (13) is represen ted more simple for calculations rather

than initial expression (6) for logarithmic function of lik eliho o d.
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Abstract

A review of studies concerning mo dels of crystal defects in solids is pre-

sen ted. The emphasis is on describing imp erfections in nonlo cal elastic

con tin uum. Nonlo cal theory reduces to the classical theory of elasticit y in

the long w a v e-length limit and to the atomic lattice theory in the short

w a v e-length limit.

1 In tro duction

A t the presen t time, it is generally recognized that the deformation

pro cess o ccurs at v arious structural lev els with their o wn scale lengths.

Because of the p eculiarities of deformation it is necessary to use sp e-

ci�c ph ysical concepts and mathematical to ols at ev ery structural

lev el, while ev en ts progressing at di�eren t scale lev els are in terdep en-

den t.

The p erfect crystal is a completely symmetric in�nite structure

with atoms placed precisely on the lattice p oin ts. Ev ery error in

atom placemen t results in an imp erfect crystal. Real crystals con tain

a large amoun t of defects. The defects of crystal lattice can b e classi-

�ed according to their dimension.

�
Extended v ersion of a talk presen ted at the IX Conference �Applications of

Algebra�, Zak opane, Marc h 7�13, 2005.
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� Zero-dimensional (p oin t) defects. The lattice site whic h

con tains no atom is called a v acancy . A tom in a nonlattice p osition

is called an in terstitial. A foreign atom presen t on a lattice site is

called a substitutional impurit y . A foreign atom presen t in a nonlattice

p osition is called an in terstitial impurit y [1, 2].

� One-dimensional (line) defects. A c hain of p oin t defects

is the sipmlest example of line defects. An edge dislo cation is the

result of the lattice distortion caused b y the insertion of an extra

half-plane of atoms part w a y in to the crystal. The distortion of the

lattice is primary lo calized in the vicinit y of the edge of the plane. A

screw dislo cation transforms the �at atom planes of the crystal in to

a spiral ramp [3�5]. Along with dislo cations (translational defects)

disclinations (rotational defects) also represen t line imp erfections [6,

7].

� T w o-dimensional (surface) defects. Since an y real crystal is

�nite, the ideal lattice structure m ust b e terminated b y a surface. The

atoms in the vicinit y of the surface do not see a completely symmetric

situation, th us creating t w o-dimensional imp erfection. In addition to

normal external surfaces, a crystal ma y also ha v e in ternal surfaces,

suc h as stac king faults or grain b oundaries [8, 9]. A grain b oundary

is that region of disorder whic h separates a lattice of one orien tation

from a lattice of a di�eren t orien tation. It is p ossible to ha v e a grain

b oundary of a sp ecial lo w-energy sort, called a t win, in whic h the

atoms across the surface b ear sp ecial relation to one another similar to

that in the p erfect crystal. A stac king fault is related to the di�erence

b et w een a face-cen tered cubic crystal and a hexagonal closely pac k ed

crystal. Some of the atoms in the vicinit y of the stac king fault b ear

a relation to one another similar to the hcp crystal instead of the fcc

crystal. V arious t yp e in ternal crac ks, slits, slots and cuts are also

among surface defects [10].

� Three-dimensional (v olume) defects. V oids, foreign inclu-

sions and inhomogeneities fall in to the category of v olume defects [11,

12].
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2 Mo deling of imp erfections

In recen t y ears the problem of mo deling stress and strains �elds pro-

duced b y imp erfections in a crystal has attracted m uc h atten tion of

a n um b er of researc hers. An in teraction b et w een v arious kind defects

and an in teraction of a defect with an applied loading are mainly

due to the elastic in tercation. In an elastic solid the ab o v emen tioned

imp erfections, as a rule, are mo deled b y certain distribution of concen-

trated forces or b y certain distribution of the tensor of plastic strain

incompatibilit y .

The simplest mo del of p oin t defect in an elastic b o dy is the cen ter

of dilatation [1, 11]. More complicated m ultip ole mo del w as prop osed

in [13] (see also [14]).

Straigh t dislo cations w ere �rst considered in [15, 16]. The Italian

mathematician Vito V olterra in tro duced [15] the theory of the elas-

tostatic stress and displacemen t �elds created b y dislo cating solids.

This in v olv es making a cut in a solid, displacing its surfaces relativ e

to one another b y some �xed amoun t, and joining the sides of the cut

bac k together, �lling in with material as necessary . In other w ords,

defect of the V olterra t yp e can b e formed b y cutting a surface S in a

b o dy and the subsequen t rigid relativ e translation with the Burgers

v ector b and the rotation with the F rank v ector 
 of t w o sides of the

cut. The corresp onding plastic distortion �
p

has the form obtained

b y Mura [17]

�
p

= � � (S)(b + 
 � r ); (1)

where � (S) is the v ector delta-function lump ed on the surface S.

In 1934 P olan yi [18], T a ylor [19] and Oro w an [20] realized that the

plastic deformation of solids could b e explained in terms of the theory

of V olterra dislo cations. The insigh t w as critical in dev eloping the

mo dern science of solid mec hanics. Considerable study is b eing giv en

to dislo cations in the frame-w ork of crystal imp erfections and solid

mec hanics [3�5, 21�25].

Dislo cation lo ops of the prismatic t yp e with the Burgers v ector

normal to a lo op plane ma y b e pro duced after quenc hing or irradia-

tion and can pla y an imp ortan t part in the formation of dislo cation

net w orks and in the pro duction of n uclei of a brittle fracture [26,

27]. Glide dislo cation lo ops with the Burgers v ector in a lo op plane

are formed b y F rank-Read source mec hanism or b y stress concen tra-

tion and are of imp ortance in in v estigation of plastic deformation [28].
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Stress �eld due to the circular prismatic dislo cation lo op in an in�nite

isotropic medium has b een obtained b y Kroupa [26]. Corresp onding

problem for the circular glide dislo cation lo op has originally b een stud-

ied b y Kröner [13] and Keller (their equations ha v e b een examined and

corrected b y Marcink o wski and Sree Harsha [28]). In succeeding y ears

in terest in dislo cation lo ops in elastic media has b een main tained [29];

for a comprehensiv e review, see [30].

A t the presen t time, in parallel with dislo cations, disclinations ha v e

attracted a large amoun t of in terest in a v ariet y of �elds due to their

n umerous applications. They ha v e b een receiving the atten tion of

man y researc hers, in particular in the con text of their applications

to p olymers [31], liquid crystals [32], biological structures [33], grain

b oundaries [34], amorphic solids [35], rotation plastic deformation [7]

(see also a review article of Romano v and Vladimiro v [6] and a b o ok

of Likhac hev and Khairo v [36]). Straigh t disclinations (V olterra dis-

torsions of the 4th, 5th and 6th kind [15] with the F rank v ector 
 )

ha v e b eing studied in tensiv ely b y de Witt [37�40] and Likhac hev and

Khairo v [36].

Elastic �elds and energies of circular t wist and w edge disclina-

tions ha v e b een in v estigated in the frame-w ork of classical elasticit y

in [31,41�44] F or comprehensiv e review and additional references, see

also a study of K olesnik o v a and Romano v [30].

Classical elasticit y solutions for crac ks w ere obtained b y man y au-

thors; w e refer to the w orks [45�49]. The elastic stress �elds around

loaded crac ks, slip bands, kink bands, t wins all ha v e qualitativ ely sim-

ilar features when view ed on a siutable scale. This is b ecause they all

represen t the same t yp e of incompatibilit y in a solid that caused b y

the Somigliana dislo cation. Under appropriate condition, it is ex-

p ected that an y t yp e of these defects to b e a source of an y of the

others [50]. The similarit y of the piled up group of slip dislo cations

to the freely slipping crac k w as recognized in the dev elopmen t of the

theory of crystal dislo cations. A crac k with a normal displacemen t

discon tin uit y can b e descripted b y a con tin uous distribution of freely

clim bing dislo cations. Arra ys of dislo cations and disclinations are also

used to describ e stac king faults and grain b oundaries. F or details and

additional references, see [7, 50].

A limitation of the ab o v emen tioned solutions is that the stress

�elds ha v e nonph ysical singularities and the elastic energy div erges

if one do es not cut the defect core. The classical solutions cannot
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describ e the situation in the strongly distored region in the vicinit y of

the defect. Moreo v er, the classical elasticit y is not v alid in the imme-

diate vicinit y of the imp erfection and fails to explain the phenomena

at the atomic scale.

The pure discrete lattice metho d of calculation of lattice distortion

pro duced b y a single v acancy w as originally dev elop ed b y Kanzaki [51]

and has b een further applied and extended b y Hardy [52] and Flo c k en

and Hardy [53, 54]. This metho d requires the extensiv e computer

calculations, esp ecially for c hange in the material prop erties. The

curren t state of researc h on computer sim ulation of p oin t defects in

solids is review ed in [55-57].

In the semi-discrete approac h [58, 59] a p ortion of a crystal cen-

tered on the p oin t defect is treated as a discrete lattice, and for remain-

der of the crystal an elastic con tin uum mo del is used. Johnson and

Bro wn [60] ha v e prop osed more precisely v ersion of the semi-discrete

metho d, in whic h crystal is devided in to three regions: a discrete re-

gion, an elastic con tin uum and an in termediate region. In the discrete

region the atoms near the defect are treated as classical particles, one

deals with with the individual displacemen ts of the atoms, and the

p oten tial energy is calculated using in teratomic p oten tials. In the in-

termediate region the displacemen ts of atoms are determined b y the

elastic displacemen t �eld, but energy is sub ject o the in teratomic p o-

ten tial. Finally , in the elastic region b oth displacemen ts and energy

are calculated from the theory of elasticit y . V arious re�nemen ts of the

semi-discrete metho d ha v e b een describ ed b y Lidiard [61] (see also

[62]).

Ho w ev er, one do es not ha v e an y a priory kno wledge of ho w large to

mak e the discrete region. A t the same time, the equations go v erning

the displacemen ts of the atoms of the discrete region increase rapidly

in n um b er and complexit y as the v olume of this region increases. In

addition, there are an in�nite n um b er of solutions to the Lamé equa-

tion, and b oundary conditions are needed to determine whic h are ap-

plicable to a giv en problem, but b oundary conditions at the in terface

b et w een regions cannot b e simply sp eci�ed.

The discrete lattice metho ds ha v e b een used with success b y Celli

[63], Bo y er and Hardy [64] for mo deling an isolated screw dislo ca-

tion in crystals with v arious lattice structure. F or review of the re-

searc hes on computer sim ulation of dislo cation core, see also [62, 65,

66] and the references therein. Suc h an approac h has shed ligh t on
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the ph ysical asp ect of the problem, ho w ev er, atomistic mo dels, as a

rule, are concerned with the simplist geometry , dep end on a c hoice

of in teratomic p oten tials, require extensiv e computer calculations and

in v olv e di�culties in passing from one scale lev el to another.

Resonably far from the dislo cation line the distortion of the crystal

is adequately describ ed b y the elasticit y theory , but in the vicinit y of

the dislo cation line the con tin uum elasticit y description fails. The

dislo cation core is de�ned as the region of the material where the

crystal lattice has signi�can t distirtions and is practically of the order

of lattice parameter.

Man y e�orts ha v e b een made to impro v e classical elastic solutions

for dislo cations, for instan t com bining the elastic and discrete ap-

proac hes for b etter description of high distored region near defect. The

simplest mo del is the F renk el-K on toro v a mo del [67] in whic h the dislo-

cation is considered as a set of particles coupled b y nearest-neigh b our

elastic in teraction and mo ving in a p erio dic p oten tial. Another mo del

whic h tak es in to accoun t the discrete structure of the crystal and de-

scrib es the core of the dislo cation is the Pierls-Nabarro mo del [68,

69]. In this mo del the dislo cation structure is describ ed b y the mis-

�t function. The assumption of the mo del is that the dislo cation is

c haracterized b y the elastic energy due to a �nite densit y of dislo ca-

tions and the mis�t energy whic h results from the nonlinear atomic

in teraction in the glide plane. A review of the F renk el-K on toro v a and

Pierls-Nabarro mo dels for dislo cations and their generalizations w as

made b y Hirth and Lothe [5] (see also [70-73]).

The semi-dicsrete approac h according to whic h the crystal with

dislo cation is devided in to t w o parts (a discrete lattice and an elastic

con tin uum) has b een discussed extensiv ely in [14, 74, 75]. But as a

rule all impro v ed solutions corresp ond to the straigh t dislo cations.

Though the literature concerning v arious mo dels of the dislo cation

core is v ery extensiv e, that for the disclination core is not n umer-

ous. W e can only men tion studies of Do y ama and Cotteril [76] and

Mikhailin and Romano v [77] on computer sim ulation of straigh t discli-

nations (see also [78]). As far as w e can judge, no other attempts ha v e

b een made to impro v e the situation in the vicinit y of the disclination

line, esp ecially for circular disclinations.

The solutions for the crac k problems obtained in the frame-w ork

of classical elasticit y ha v e non-ph ysical singularities at the crac k tip.

The regular attempts to impro v e elastic solutions ha v e attracted m uc h
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atten tion. W e men tion mo dels of Leono v and P anasyuk [79, 80], Dug-

dale [81] and Baren blatt [82] in whic h compressional cohesiv e stresses

are in tro duced in a small region in the vicinit y of the crac k tip.

In recen t y ears there has app eared a n um b er of studies of crac ks

in solids based on atomistic mo dels. W e ma y distinguish b et w een the

follo wing broad categories of suc h mo dels. The lattice-statics appro x-

imation [83�85] deals with an in�nite n um b er of atoms in teracting

with highly idealized in teratomic p oten tials. F rom the viewp oin t of

idealized geometry and in teratomic force la ws this mo del surv es to pro-

vide insigh t in to those features whic h are in tro duced b y the discrete

atomic c haracter of crystalline material without en tering in to the c har-

acteristics p ecular to a concrete material. In the molecular�dynamics

approac h [86�89] di�eren tial equations of motion are solv ed n umeri-

cally for a su�cien tly large n um b er of atoms in teracting with a giv en

p oten tial. In connection with a c hoise of suc h a n um b er the follo wing

problem arises: ho w large enough should b e this n um b er for n umeri-

cal sim ulation of the corresp onding in�nite system. It is only with the

adv en t of mo dern computers that atomistic in v estigation b ecame p os-

sible. Both the lattice-statics and molecular-dynamics metho ds only

concern one-dimensional and t w o-dimensional cases b ecause, ev en us-

ing mo dern computers, it is imp ossible to treat a three-dimensional

lattice of an y reasonable size.

The h ybrid approac h [90�93] in v olv es division of non�b ounded

solid in to t w o regions. The region I in the vicinit y of the crac k is

considered as a lattice crystal, and the remainder, the region I I, is

treated as an elastic con tin uum. There is a question concerning the

size of the region I requiered for this to b e a v alid assumption. An-

other problem of the h ybrid metho d consists in join ting descrete and

con tin uum solutions. Both the rigid in terface metho d and the �exi-

ble in terface metho d, extensiv ely discussed in the literature [14], ha v e

b een used. The �nite elemen t�atomistic coupling sc heme [94�96] also

b elongs to the h ybrid metho ds. This sc heme creats an atomistic mo del

em b edded in the �nite elemen t con tin uum with a t w o�la y er transition

zone in whic h the lattice and the �nite elemen t con tin uum o v erlap. In

the inner la y er the lattice is made to dictate the b oundary conditions

for the con tin uum. In the outer la y er the atoms are made to coincide

and mo v e in a co ordance to the �nite elemen t solution. Merits and

demerits as w ell as plausibilit y of v arious atomistic mo dels ha v e also

b een discussed in [85, 89, 97�100].
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3 Nonlo cal elasticit y

Recen tly , great adv ances ha v e b een made in crystal defect researc h

b y application of nonlo cal elasticit y . Sev eral v ersions of non�lo cal

con tin uum mec hanics based on v arious suggestions ha v e b een prop osed

b y Kröner [101, 102], P o dstrigac h [103], Eringen [104, 105], Edelen

[106], Kunin [107], Rogula [108], and others.

Starting from in terrelated equations describing elasticit y and dif-

fusion (or heat transfer) P o dstryhac h [103] excluded the c hemical p o-

ten tial (or the temp erature) from the constitutiv e equation for the

stress tensor and obtained the stress-strain relation con taining spa-

tial and time deriv ativ es. In the in�nite medium this relation can b e

in tegrated using the F ourier�Laplace transform, and the �nal result

has the nonlo cal form. Kröner [101], Kröner and Datta [102] and

Kunin [107] started from discrete lattice and in terp olated functions of

discrete argumen t b y sp ecial con tin uous functions. The stress-strain

relation in suc h a quasicon tin uum is non-lo cal. Comprehensiv e review

and additional references can b e found in [109�110].

As a matter of fact, non�lo calit y (in the broad sense) has v arious

origin. A medium with the couple-stress tensor and non-symmetric

stress tensor can also b e considered as non-lo cal. In this case the cor-

resp onding �w eak non-lo cal theory� (using the terminology of [107])

with its o wn scale length parameter is built. But stress and couple-

stress �elds caused b y imp erfections in suc h a medium also ha v e sin-

gularities.

The nonlo cal theory of elasticit y tak es in to accoun t in teratomic

long-range forces. The stress at a reference p oin t in the b o dy dep ends

not only on the strain at this p oin t but also on the strains at all other

p oin ts of the b o dy . Th us, the relation b et w een the stress tensor and

the strain tensor has the in tegral form.

The go v erning equations for the static case and for a linear isotropic

non-lo cal elastic solid are the follo wing [104, 110]:

the equilibrium equations

r � �
nl

(x) = � f
nl

(x); (2)

the in tegral relation b et w een the nonlo cal �
nl

(x) and lo cal � (x) stress

tensors

�
nl

(x) =
Z

V
� (jx0 � x j; c) � (x0) d V (x0) (3)
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the Ho ok e la w for the lo cal stress tensors

� (x0) = � tr e(x0) I + 2 � e(x0); (4)

the geometrical relation

e(x0) =
1
2

�
r 0u(x0) + u(x0)r 0

�
: (5)

the compatibilit y condition

r 0 � ep (x0) � r = � � : (6)

Here x and x0
are the reference and running p oin ts, u is the displace-

men t v ector, e is the linear strain tensor, f
nl

is the b o dy force, ep

is

the plastic strain tensor, � is the incompatibilit y tensor, � and � are

Lamé constan ts, r and r 0
are the gradien t op erators with resp ect

to x and x0
, corresp ondingly , I denotes the unit tensor. The v olume

in tegral in (3) is o v er the region o ccupied b y the solid.

The w eigh t function (the nonlo cal mo dulus) � (jx0� x j; c) dep ends

on a distance jx0 � x j b et w een the reference x and running x0
p oin ts,

includes the parameter c connected with a c haracteristic length ratio

a=l , where a is an in ternal c haracteristic length and l is an external

c haracteristic length and has the follo wing prop erties

(i) � (jx � x0j; c) has a maxim um at x = x0
.

(ii) � (jx � x0j; c) atten uates rapidly with jx � x0j to zero.

(iii) � (jx � x0j; c) is a con tin uous function of jx � x0j with a b ounded

supp ort V .

(iv) � (jx � x0j; c) is a delta sequence and in the classical limit c ! 0
b ecomes the Dirac delta function

lim
c! 0

� (jx � x0j; c) = � (jx � x0j):

(v) F or c ! 1 non-lo cal theory agrees with atomic lattice dynamics.

(vi)

R
V � (jx � x0j; � ) d v(x0) = 1 :
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Eringen [111] found sev eral forms of nonlo cal mo dulus giving a

p erfect matc h with the Born-Kármán mo del of the atomic lattice dy-

namics and the atomic disp ersion curv es. In the presen t pap er w e

emplo y the follo wing t w o-dimensional

� (jx0 � x j; c) =
1

2�c 2
K 0

�
jx0 � x j

c

�
(7)

and three-dimensional

� (jx � x0j; c) =
1

8(�t )3=2
exp

�
�

jx � x0j2

4t

�
(8)

nonlo cal mo duli. In Eqn (7) K 0(x) is the mo di�ed Bessel function.

The constan t t in Eqn (8) is connected with the nonlo calit y parameter

c.

The nonlo cal k ernel (6) is the fundamen tal solution of the Helmholtz

equation

1
2�

�
� �

1
c2

�
K 0

� r
c

�
= � (x) (9)

F rom Eqns (3), (7) and (9) w e obtain

� �
nl

�
1
c2

�
nl

= �
1
c2

� : (10)

In suc h a manner solving the nonlo cal elasticit y problem reduces to

solving the nonhomogeneous Helmholtz equation.

The nonlo cal k ernel (8) is the Green function of the di�usion equa-

tion in whic h the parameter t pla ys a role of "time". This suggests

that the stress tensor satis�es the di�usion equation

@�
nl

@t
� � �

nl

= 0 (11)

under the "initial" condition

t = 0 : �
nl

= � : (12)

It should b e noted that in fact the parameter t is not the time, but the

nonlo calit y constan t. Indicating the Laplace transform with resp ect

to the parameter t b y an asterisk w e obtain

� � �
nl

� s� �
nl

= � � ; (13)
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where s is the transform v ariable.

In the case of v anishing b o dy force the Kröner stress function ten-

sor � can b e in tro duced

1
2�

� �
nl

= � � +
1

1 � �
[rr ( tr � � (� tr � )I )] (14)

where � is the P oisson ratio.

The tensor � satis�es the follo wing equation

(� � s)� 2� � = � � (15)

under the supplemen tary assumption

r � � = 0: (16)

In the case of v anishing incompatibilit y tensor the Boussinesq-

Galerkin v ector w can b e used

2� u = 2(1 � � )� w � r (r � w): (17)

In this case

� �
nl

= ( � I � � rr )r � w + (1 � � )�( r w + wr ) (18)

and

(� � s)� 2w � = �
1

1 � �
f : (19)

Another metho d of solving nonlo cal elasticit y problems consists

in direct in tegration of the corresp onding lo cal elasticit y solution. It

should b e noted that equation (3) is written in in v arian t tensor form.

In Cartesian co ordinates in tegration can b e carried out immediately .

Otherwise, the nonlo cal stress �eld is determined b y transforming co-

ordinates from curvilinear at the running p oin t x0
to the rectangular

at this p oin t, shifting tensors to the reference p oin t x , transforming

from rectangular co ordinates at the p oin t x to the curvilinear ones at

this p oin t, and the subsequen t in tegration o v er the region o ccupied b y

the solid using an appropriate nonlo cal mo dulus. It should b e noted

that ev en in the case of simple k ernels this metho ds needs calculation

of complicated in tegrals.
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F or example, in the case of cylindrical co ordinates the follo wing

in tegrals [112] are of fundamen tal imp ortance:

Z 1

�1
exp

�
�

(z0 � z)2

4t
� � jz0j

�
sign z0

d z0 =

= �
p

�t exp
�
t� 2

�
S(�; jzj; t) sign z;

Z 1

�1
exp

�
�

(z0 � z)2

4t
� � jz0j

�
jz0j sign z0

d z0 =

=
2
�

p
�t exp

�
t� 2

�
U(�; jzj; t) sign z;

Z 1

�1
exp

�
�

(z0 � z)2

4t
� � jz0j

�
d z0 =

p
�t exp

�
t� 2

�
T(�; jzj; t);

Z 1

�1
exp

�
�

(z0 � z)2

4t
� � jz0j

�
jz0j d z0 =

=
1
�

p
�t exp

�
t� 2

�
[2Q(�; jzj; t) � T(�; jzj; t)] ; (20)

The functions Q(�; jzj; t) , S(�; jzj; t) , T(�; jzj; t) , U(�; jzj; t) w ere in tro-

duced in [113]. F or the sak e of con v enience w e presen t them here:

Q(�; jzj; t) =
1
2

�
1 � 2t� 2

�
T(�; jzj; t)�

�
1
2

� jzjS(�; jzj; t) +
2�

p
t

p
�

P(�; jzj; t);

U(�; jzj; t) =
1
2

� jzjT(�; jzj; t) + t� 2S(�; jzj; t);

S(�; jzj; t) = exp( � jzj) erfc

�
�
p

t +
jzj

2
p

t

�
�

� exp(� � jzj) erfc

�
�
p

t �
jzj

2
p

t

�
;



J. P o vstenk o 119

T(�; jzj; t) = exp( � jzj) erfc

�
�
p

t +
jzj

2
p

t

�
+

+ exp( � � jzj) erfc

�
�
p

t �
jzj

2
p

t

�
;

P(�; jzj; t) = exp
�

� � 2t �
z2

4t

�
: (21)

It should b e noted that these function also app ear as in v ersions of the

Laplace transform with resp ect to the parameter t [114]:

L � 1
n

exp
�

�
p

� 2 + sjzj
�o

=
jzj

2
p

�t 3=2
P(�; jzj; t);

L � 1

�
1
s

exp
�

�
p

� 2 + sjzj
� �

=
1
2

�
S(�; jzj; t) + 2 e

� � jzj
�
;

L � 1

�
1
s2

exp
�

�
p

� 2 + sjzj
� �

=
1

2� 2

�
U(�; jzj; t) + (2 t� 2 � � jzj) e

� � jzj
�
;

L � 1

(
1

p
� 2 + s

exp
�

�
p

� 2 + sjzj
�

)

=
1

p
�t

P(�; jzj; t);

L � 1

(
1

s
p

� 2 + s
exp

�
�

p
� 2 + sjzj

�
)

=
1
2�

�
� T(�; jzj; t) + 2 e

� � jzj
�
;

L � 1

(
1

s2
p

� 2 + s
exp

�
�

p
� 2 + sjzj

�
)

=

=
1

2� 3

�
Q(�; jzj; t) � (1 + � jzj � 2t� 2) e

� � jzj
�
: (22)

The functions Q(�; jzj; t) , S(�; jzj; t) , T(�; jzj; t) , U(�; jzj; t) w ere

studied in [113], where their in tegral represen tations w ere deriv ed al-

lo wing us to obtain solutions more amenable to n umerical quadrature.

Theory of nonlo cal elasticit y indicates its p o w er in the study of

p oin t defects [115-119], straigh t edge [120] and screw [121, 122] dis-

lo cations, straigh t w edge and t wist disclinations [123], circular pris-

matic and glide dislo cation lo ops [113, 124], circular t wist, rotation

and w edge disclination lo ops [125, 126], line crac ks [127�130] and v ol-

ume defects [131]. A dditional discussion can b e found in the pap ers

[132�137].
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4 Conclusions

1. Nonlo cal elasticit y tak es in to accoun t in teratomic long-range forces.

Nonlo cal theory reduces to the classical theory of elasticit y in the

long w a v e-length limit and to the atomic lattice theory in the short

w a v e-length limit.

2. The nonlo cal theory of elasticit y mak es it p ossible to apply a uni�ed

approac h to the study of phenomena at the micro and macro lev els.

3. In con trast to the man y generalized mo dels that impro v e the de-

scription of only one sp eci�c t yp e of defects, in the con text of non-

lo cal theory of elasticit y one can consider v arious t yp es of defects

from a single p oin t of view.

4. Nonlo cal stresses, in con trast to the lo cal ones, are not singular at

the p oin t of defect lo cation.

5. T o compute the elastic energy of the defect in a nonlo cal medium

there is no need to cut the region of its k ernel.

6. The k ernel of a defect is commensurable with the parameter that

c haracterizes the nonlo calit y .

7. As a rule, the stresses ha v e a maxim um at a certain distance from

the defect. The v alue of this maxim um is completely realistic from

the ph ysical p oin t of view.
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Abstract

In the presen t pap er w e in v estigate queueing systems of di�eren t t yp es with

customers ha ving some random space requiremen ts, connected via common

memory space. F or suc h systems com binations w e determine stationary loss

probabilit y and the distribution of customers presen t in eac h system.

1 In tro duction

Queueing systems with non-homogeneous customers ha v e b een used

to mo del and solv e the v arious practical problems o ccurring in the

design of computer or comm unicating systems [1�3]. The ab o v e non-

homogeneit y means that eac h customer (indep enden tly of others) has

some space requiremen t � , and the service time � of the customer

generally dep ends on his space requiremen t. So, the non-negativ e

random v ariables � and � are generally dep enden t.

Let F (x; t ) = Pf � < x; � < t g b e the distribution function of the

random v ector (�; � ) . The space is o ccupied b y the customer at the

�
Extended v ersion of a talk presen ted at the IX Conference �Applications of

Algebra�, Zak opane, Marc h 7�13, 2005.
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ep o c h he arriv es and is released en tirely at the ep o c h he completes

service.

Denote as � (t) the sum of space requiremen ts of all customers

presen t in the system at time momen t t . The pro cess � (t) is called the

total (customers) v olume. In real systems the v alues, that the random

pro cess � (t) can tak e, are limited b y some constan t v alue V > 0,

whic h is called the memory v olume of the system. The limitation of

the total v olume leads to additional losses of customers. In fact, a

customer ha ving the space requiremen t x , who arriv es at the ep o c h

� , when there are idle serv ers or w aiting p ositions, will b e admitted

to the system, if � (� � ) + x � V . Otherwise (if � (� � ) + x > V ) the

customer will b e lost.

Di�eren t queueing systems with limited memory v olume w ere ana-

lyzed in the pap ers [4�10]. In the presen t pap er w e in v estigate com bi-

nations of (ma y b e di�eren t) queueing systems with non-homogeneous

customers and common limited memory space. It iss clear, that suc h

mo dels can b e used in computer and comm unicating net w orks design-

ing.

Consider, for example, t w o indep enden t classical M=M=n=m queues,

denoting as M=M=n i =mi , where i = 1; 2, 1 � ni � 1 , 0 � mi � 1 .

Let ai , � i b e the rate of customer arriv al pro cess and service time pa-

rameter of the i th queue resp ectiv ely . No w w e additionally supp ose,

that eac h customer of i th queue has some space requiremen t � i . De-

note as L i (x) the distribution function of � i random v ariable and as

� (t) the sum of space requiremen ts of all customers presen t in the b oth

systems at time momen t t . Supp ose, that service time of the customer

not dep ends on his space requiremen t and the b oth queues ha v e the

common memory space, whic h is limited b y the memory v olume V .

Due to the last supp osition the queues under consideration b ecome

ob viously dep enden t.

W e �rst determine the stationary customers n um b er distribution

and loss probabilit y for eac h queue from the considered com bina-

tion. Next w e shall analyze a com bination of M=M=n=m queue and

pro cessor-sharing system with service time dep enden t on customer

space requiremen t.
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2 Pro cess and c haracteristics

Let � i (t) b e the n um b er of customers presen t in i th queue at time

momen t t , i = 1; 2. Denote as � i
j (t) the space o ccupied b y j th customer

of i th queue at the momen t t , j = 1; � i (t) . Then the com bination of

queues under consideration ma y b e describ ed b y the next mark o vian

random pro cess

�
� 1(t); � 2(t); � 1

j (t); j = 1; � 1(t); � 2
j (t); j = 1; � 2(t)

�
; (1)

where

2P

i =1

� i (t )P

j =1
� i

j (t) = � (t) .

The pro cess (1) w e shall c haracterize b y the follo wing functions.

G(k1; k2; x; t ) = Pf � 1(t) = k1; � 2(t) = k2; � (t) < x g; (2)

P(k1; k2; t) = Pf � 1(t) = k1; � 2(t) = k2g = G(k1; k2; V; t); (3)

ki = 0; ni + mi ; k1 + k2 � 1; i = 1; 2;

P0(t) = P(0; 0; t) = Pf � 1(t) = 0 ; � 2(t) = 0 g: (4)

It's clear, that steady state conditions for the mo del under consid-

eration are alw a ys satis�ed, if V is �nite. Then � i (t) ) � i , � (t) ) �
in the sense of a w eak con v ergence, where � i , � are the stationary

n um b er of customers presen t in i th queue and stationary customers

total v olume resp ectiv ely . So, the follo wing limits exist

g(k1; k2; x) = lim
t !1

G(k1; k2; x; t ) = Pf � 1 = k1; � 2 = k2; � < x g; (5)

p(k1; k2) = lim
t !1

P(k1; k2; t) = Pf � 1 = k1; � 2 = k2g = g(k1; k2; V); (6)

ki = 0; ni + mi ; k1 + k2 � 1; i = 1; 2;

p0 = p(0; 0) = lim
t !1

P0(t) = Pf � 1 = 0; � 2 = 0g: (7)

3 Stationary customers n um b er distribution

Let � i;k b e Kronec k er's sym b ol: � i;k =
�

0; i 6= k;
1; i = k:

F urther w e shall

use the next notations: � i = min( ki ; ni ) , 
 i = min( ki + 1; ni ) . It
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can b e easily sho wn b y means of pro cess (1) analysis, that the functions

(2)�(4) satisfy the follo wing di�eren tial equations:

P0
0(t) = � (a1L1(V) + a2L2(V)) P0(t)+ � 1P(1; 0; t)+ � 2P(0; 1; t); (8)

P0(0; 1; t) = a2P(0; 0; t)L2(V) � a1

Z V

0
G(0; 1; V � x; t )dL1(x)�

� a2

Z V

0
G(0; 1; V � x; t )dL2(x) � � 2P(0; 1; t)+

+ � 1P(1; 1; t) + 2 � 2P(0; 2; t); (9)

P0(1; 0; t) = a1P(0; 0; t)L1(V) � a1

Z V

0
G(1; 0; V � x; t )dL1(x)�

� a2

Z V

0
G(1; 0; V � x; t )dL2(x) � � 1P(1; 0; t)+

+2� 1P(2; 0; t) + � 2P(1; 1; t); (10)

P0(k1; k2; t) = (1 � � 0;k1 ) a1

Z V

0
G(k1 � 1; k2; V � x; t )dL1(x)+

+ (1 � � 0;k2 ) a2

Z V

0
G(k1; k2 � 1; V � x; t )dL2(x)�

� (1 � � m1 + n1 ;k1 ) a1

Z V

0
G(k1; k2; V � x; t )dL1(x)�

� (1 � � m2 + n2 ;k2 ) a2

Z V

0
G(k1; k2; V � x; t )dL2(x)�

� (� 1� 1 + � 2� 2)P(k1; k2; t) + (1 � � m1 + n1 ;k1 ) 
 1� 1P(k1 + 1; k2; t)+

+ (1 � � m2+ n2 ;k2 ) 
 2� 2P(k1; k2 + 1; t);

ki = 0; mi + ni ; k1 + k2 � 2; i = 1; 2: (11)

If steady state conditions tak e place, from equations (8)�(11) when

t ! 1 w e obtain the follo wing equations for the functions (5)�(7):

0 = � (a1L1(V) + a2L2(V)) p0 + � 1p(1; 0) + � 2p(0; 1); (12)

0 = a2p(0; 0)L2(V) � a1

Z V

0
g(0; 1; V � x)dL1(x)�

� a2

Z V

0
g(0; 1; V � x)dL2(x) � � 2p(0; 1) + � 1p(1; 1) + 2� 2p(0; 2); (13)
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0 = a1p(0; 0)L1(V) � a1

Z V

0
g(1; 0; V � x)dL1(x)�

� a2

Z V

0
g(1; 0; V � x)dL2(x) � � 1p(1; 0) + 2� 1p(2; 0) + � 2p(1; 1); (14)

0 = (1 � � 0;k1 ) a1

Z V

0
g(k1 � 1; k2; V � x)dL1(x)+

+ (1 � � 0;k2 ) a2

Z V

0
g(k1; k2 � 1; V � x)dL2(x)�

� (1 � � m1+ n1 ;k1 ) a1

Z V

0
g(k1; k2; V � x)dL1(x)�

� (1 � � m2+ n2 ;k2 ) a2

Z V

0
g(k1; k2; V � x)dL2(x)�

� (� 1� 1 + � 2� 2)p(k1; k2) + (1 � � m1+ n1 ;k1 ) 
 1� 1p(k1 + 1; k2)+

+ (1 � � m2 + n2 ;k2 ) 
 2� 2p(k1; k2 + 1) ;

ki = 0; mi + ni ; k1 + k2 � 2; i = 1; 2: (15)

Denote the Stieltjes con v olution of the i th order of the function

L i (x) as L (k)
i (x) , i.e.

L (0)
i (x) � 1; L (k)

i (x) = L (k� 1)
i � L i (x) =

=
Z x

0
L (k� 1)

i (x � u)dL i (u); k = 1; 2; : : : :

W e shall use the next notation for the Stieltjes con v olution of func-

tions Fi (x); i = 1; r :

F1 � � � � � Fr (x) = �
i =1

r
Fi (x)

W e also in tro duce the follo wing notation:

N i (k) =

8
><

>:

(ni � i )k

k!
; k = 0; ni ;

nn i
i � k

i

ni !
; k = ni + 1; ni + mi ;

(16)

where � i = ai =(ni � i ) .

W e can easy v erify b y direct substitution, that the solution of the

equations (12)�(15) can b e represen ted as

g(k1; k2; x) = p0N1(k1)N2(k2)L
(k1 )
1 � L (k2 )

2 (x); k1 + k2 � 1; (17)
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whence w e obtain

p(k1; k2) = g(k1; k2; V) =

= p0N1(k1)N2(k2)L
(k1 )
1 � L (k2 )

2 (V ); ki = 0; mi + ni : (18)

F rom the normalization condition

n1+ m1P

k1=0

n2+ m2P

k2=0
p(k1; k2) = 1 w e also

ha v e that

p0 =

"
n1+ m1X

k1=0

n2+ m2X

k2=0

N1(k1)N2(k2)L
(k1 )
1 � L (k2 )

2 (V)

#� 1

: (19)

4 The loss probabilit y

The stationary loss probabilit y pi
L for customers of i th queue ( i = 1; 2)

can b e obtained from the follo wing equilibrium equation [2], whic h will

b e written out for the case of i = 1 :

a1

�
1 � p1

L

�
= � 1

n1 � 1X

k1=1

k1p1
k1

+ n1� 1

 

1 �
n1 � 1X

k1=1

p1
k1

!

; (20)

where p1
k1

=
n2+ m2P

k2=0
p(k1; k2) , p2

k2
=

n1+ m1P

k1=0
p(k1; k2)

It follo ws from (20) and analogous equation for i = 2 that

pi
L = 1 � (ni � i )� 1

n i � 1X

k i =1

ki pi
k i

� � i
� 1

 

1 �
n i � 1X

k i =0

pi
k i

!

: (21)

5 Arbitrary n um b er of queues with common

memory space

In the presen t section w e consider an eviden t generalization of analyzed

com bination of queues. Supp ose, that w e ha v e a com bination con-

sisting of r , r = 1; 2; : : : , M=M=n=m queues with non-homogeneous

customers connected via common memory space. Let ai , � i b e the

rate of customer arriv al pro cess and service time parameter of the i th

queue resp ectiv ely , i = 1; r , L i (x) b e the distribution function of i th

queue customer space requiremen t, V b e the memory v olume. Then
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for stationary probabilities p(k1; : : : ; kr ) = Pf � 1 = k1; : : : ; � r = kr g,

that there are k1; : : : ; kr customers in corresp onding queue, w e obtain

the follo wing relation:

p(k1; : : : ; kr ) = p0

rY

i =1

N i (ki ) �
i =1

r
L (k i )

i (V);

where the function N i (k) is determined b y (16) relation, in whic h

i = 1; r . The relation (19) for p0 in this case has the next form:

p0 =

"
X

k1 ;:::;k r

rY

i =1

N i (ki ) �
i =1

r
L (k i )

i (V )

#� 1

;

where the summation for eac h subscript is carried out from 0 to ni + mi .

The loss probabilit y of i th queue customer is determined b y rela-

tion (21), where

pi
k i

=
X

k1 ;:::;k i � 1 ;k i +1 ;:::;k r

p(k1; : : : ; ki � 1; ki ; ki +1 ; : : : ; kr ); k = 0; ni + mi :

6 The case of single-serv er queues with common

memory space

In the presen t section w e shall analyze the case of t w o queues con-

nected via common memory space ( r = 2 ). The generalization for ar-

bitrary r is ob vious. If ni = 1 , w e obtain from (16), that N i (k) = � i
k

,

i = 1; 2. Then, as it follo ws from (18)�(21),

p0 =

"
m1+1X

k1=0

m2+1X

k2=0

� 1
k1 � 2

k2L (k1 )
1 � L (k2 )

2 (V)

#� 1

; (22)

p(k1; k2) = p0� 1
k1 � 2

k2 L (k1 )
1 � L (k2 )

2 (V ); ki = 0; mi + 1; (23)

pi
L = 1 �

1
� i

�
1 � pi

0

�
; i = 1; 2: (24)

The obtained relations are generally not con v enien t for calcula-

tions b ecause of Stieltjece con v olutions presence. These con v olutions

can b e generally estimated b y Mon te Carlo tec hnique. They can

precisely calculated in some sp ecial cases. F or example, let i th
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queue customer space requiremen t has gamma distribution with the

follo wing densit y

l i (x) = 
 f (� i ; x) =
f

�( � i )
x � i � 1e� fx ; � i > 0; f > 0; i = 1; 2

(the parameter f is supp osed the same for b oth queues). It's kno wn,

that in this case the con v olution L (k1 )
1 � L (k2 )

2 (x) is the gamma distri-

bution function Yf (�; x ) with parameters f and � = k1� 1 + k2� 2 , i.e.

w e ha v e

p(k1; k2) = p0� 1
k1 � 2

k2Yf (k1� 1 + k2� 2; V);

p0 =

"
m1+1X

k1=0

m2+1X

k2=0

� 1
k1 � 2

k2Yf (k1� 1 + k2� 2; V)

#� 1

:

In this case the relation for the �rst queue customer loss probabilit y

has the follo wing form:

p1
L = 1 �

1
� 1

"

1 �
m2+1X

k2=0

� 2
k2 Yf (k2� 2; V)

#

:

7 Some sp ecial cases

In this section w e consider the case of L1(x) = L2(x) = L(x) (the cus-

tomers space requiremen ts distributions are the same for b oth queues).

Then from (18), (19) relations w e obtain

p(k1; k2) = p0N1(k1)N2(k2)L (k1+ k2 )(V ); ki = 0; mi + ni ; i = 1; 2;

p0 =

"
n1+ m1X

k1=0

n2+ m2X

k2=0

N1(k1)N2(k2)L (k1+ k2)(V)

#� 1

:

No w supp ose additionally that n1 = n2 = 1 , m1 = m2 = 1 and

customer space requiremen t has an exp onen tial distribution with the

parameter f : L(x) = 1 � e� fx
. Supp ose also, that � 1 6= 1 , � 2 6= 1 and

� 1 6= � 2 . Then from (22), (23) relations w e obtain

p(k1; k2) = p0� 1
k1 � 2

k2

"

1 � e� fV
k1+ k2 � 1X

j =0

(fV ) j

j !

#

;

ki = 0; 1; : : : ; i = 1; 2;
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p0 =

(
1X

k1=0

1X

k2=0

� 1
k1 � 2

k2

"

1 � e� fV
k1+ k2 � 1X

j =0

(fV ) j

j !

#) � 1

: (25)

Let us calculate the sum

1X

k1=0

1X

k2=0

� 1
k1 � 2

k2

"

1 � e� fV
k1+ k2 � 1X

j =0

(fV ) j

j !

#

=

= e� fV
1X

k1=0

1X

k2=0

� 1
k1 � 2

k2

"

efV �
k1+ k2 � 1X

j =0

(fV ) j

j !

#

=

= e� fV
1X

j =0

(fV ) j

j !

jX

k1=0

� 1
k1

j � k1X

k2=0

� 2
k2 =

=
e� fV

1 � � 2

1X

j =0

(fV ) j

j !

jX

k1=0

� 1
k1

�
1 � � 2

j � k1+1
�

; (26)

where

jX

k1=0

� 1
k1 � 2

j � k1+1 = � 2
j +1

jX

k1=0

�
� 1

� 2

� k1

=
� 2

� 2 � � 1

�
� 2

j +1 � � 1
j +1

�
;

jX

k1=0

� 1
k1 =

1 � � 1
j +1

1 � � 1
;

whence

1X

j =0

(fV ) j

j !

jX

k1=0

� 1
k1 =

1X

j =0

(fV ) j

j !
�

1 � � 1
j +1

1 � � 1
=

efV � � 1e� 1 fV

1 � � 1
;

1X

j =0

(fV ) j

j !

jX

k1=0

� 1
k1 � 2

j � k1+1 =
� 2

� 2 � � 1

1X

j =0

(fV ) j

j !

�
� 2

j +1 � � 1
j +1

�
=

=
� 2

�
� 2e� 2 fV � � 1e� 1 fV

�

� 2 � � 1
:

By substitution of calculated sums to relation (26) w e obtain after

simple transformations

p0 =
�

1
(1 � � 1)(1 � � 2)

�
� 1

2e� (1� � 1 )fV

(1 � � 1)( � 1 � � 2)
�

� 2
2e� (1� � 2 )fV

(1 � � 2)( � 2 � � 1)

� � 1

:

(27)
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The loss probabilit y can b e determined from the relation (24),

where for i = 1 w e ha v e

p1
0 =

1X

j =0

p(0; j ) =
1X

j =0

p0� 2
j

"

1 � e� fV
j � 1X

i =0

(fV ) i

i !

#

=

= p0e� fV
1X

j =0

� 2
j

"

efV �
j � 1X

i =0

(fV ) i

i !

#

= p0e� fV
1X

j =0

� 2
j

1X

i = j

(fV ) i

i !
=

= p0e� fV
1X

i =0

(fV ) i

i !

iX

j =0

� 2
j = p0e� fV

1X

i =0

(fV ) i

i !
�

1 � � 2
j +1

1 � � 2
=

=
p0e� fV

1 � � 2

�
efV � � 2e� 2 fV

�
;

whence

p1
L = 1 �

1
� 1

"

1 �
p0

�
1 � � 2e� (1� � 2 )fV

�

1 � � 2

#

(28)

and analogously

p2
L = 1 �

1
� 2

"

1 �
p0

�
1 � � 1e� (1� � 1 )fV

�

1 � � 1

#

:

The relations (27), (28) can b e generalized for the case of arbitrary

r (where � i 6= � j for i 6= j and � i 6= 1 for i = 1; r ). The relation (27)

in this case ha v e the form

p0 =

2

6
4

rY

i =1

1
1 � � i

�
rX

i =1

� i
r e� (1� � i )fV

(1 � � i )
Q

j 6= i
(� i � � j )

3

7
5

� 1

:

The loss probabilit y pi
L is determined b y the relation (24), where

i = 1; r and

pi
0 = p0

2

6
4

Y

j 6= i

1
1 � � j

�
X

j 6= i

� j
r � 1e� (1� � j )fV

(1 � � j )
Q

k6= j;k 6= i
(� j � � k)

3

7
5 :
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8 M/M/n/m and pro cessor sharing systems

connected via common memory space

In presen t section w e consider more complicated com bination of t w o

queueing systems connected via common memory space. The �rst of

them is M=M=n=m queue with non-homogeneous customers, whic h

w as represen ted in section 1. Let a1 , � b e the rate of customer ar-

riv al pro cess and service time parameter of this queue resp ectiv ely

and L1(x) b e the distribution function of customer space requiremen t

� 1 of the queue. The second one is pro cessor-sharing system [12].

Denote as � 1 and � 2 the service time of the �rst and second system

resp ectiv ely . Let � 2 b e the customer space requiremen t of the second

system and F (x; t ) = Pf � 2 < x; � 2 < t g b e the distribution function

of the random v ector (� 2; � 2) . So, in second system the space require-

men t and service time are generally dep enden t and L2(x) = F (x; 1 ) ,

B2(t) = F (1 ; t) are the distribution functions of random v ariables � 2

and � 2 resp ectiv ely . Let r b e a maxim um n um b er of customers presen t

in the second system (it is p ossible, that r = 1 ). Supp ose, that all

customers presen t in the second system are n um b ered in random order

[1]. Let � 1(t) , � 2(t) b e the n um b er of customers presen t in the �rst

and second system at time momen t t .

Denote as � j
� (t) the length of time in terv al from the momen t t to the

ep o c h of j th customer service completion (in the second system). Let

� (i )
j (t) b e the memory space o ccupied b y j th customer of i th system,

i = 1; 2. Then the com bination of queues under consideration ma y b e

describ ed b y the next mark o vian random pro cess

�
� 1(t); � 2(t); � (i )

j (t); j = 1; � i (t); i = 1; 2; � j
� (t); j = 1; � 2(t)

�
: (29)

Denote the total customers v olume in the com bination of the systems

at the momen t t as � (t) =
2P

i =1

� i (t )P

j =1
� (i )

j (t) . Let V b e the memory v olume

of the com bination.

Belo w w e shall use the follo wing notation for v ectors:

Yk = ( y1; : : : ; yk) Y i
k = ( y1; : : : yi � 1; yi +1 ; yk):

Sometimes w e shall write y1 or the v alue of this comp onen t instead of

Y1 if k = 1 , and (y1; y2) or their v alues instead of Y2 if k = 2 . W e also

shall use the notation (Yk ; z) = ( y1; : : : ; yk ; z) .
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W e shall c haracterize the pro cess (29) b y the follo wing functions:

G(k1; k2; x; y1; : : : ; yk2 ; t) =

= P
�

� 1(t) = k1; � 2(t) = k2; � (t) < x; � j
� (t) < y j ; j = 1; k2

	
;

k1 = 0; n + m; k2 = 1; r ; (30)

W(k1; k2; y1; : : : ; yk2 ; t) =

= P
�

� 1(t) = k1; � 2(t) = k2; � j
� (t) < y j ; j = 1; k2

	
=

= G(k1; k2; V; y1; : : : ; yk2 ; t); k1 = 0; n + m; k2 = 1; r ; (31)

P(k1; k2; t) = P f � 1(t) = k1; � 2(t) = k2g;

k1 = 0; n + m; k2 = 0; r: (32)

If k2 = 1; r , then

P(k1; k2; t) = W(k1; k2; 1 ; : : : ; 1 ; t);
where 1 k = ( 1 ; : : : ; 1 ) is a k -comp onen t v ector.

The steady state conditions for the mo del under consideration are

ob viously alw a ys satis�ed, if V is �nite. So the next limits exist:

g(k1; k2; x; y1; : : : ; yk2 ) = lim
t !1

G(k1; k2; x; y1; : : : ; yk2 ; t);

k1 = 0; n + m; k2 = 1; r ; (33)

w(k1; k2; y1; : : : ; yk2 ) = lim
t !1

W(k1; k2; y1; : : : ; yk2 ; t) =

= g(k1; k2; V; y1; : : : ; yk2); k1 = 0; n + m; k2 = 1; r ; (34)

p(k1; k2) = lim
t !1

P(k1; k2; t); k1 = 0; n + m; k2 = 0; r: (35)

If k2 = 1; r , then p(k1; k2) = w(k1; k2; 1 ; : : : ; 1 ) .

Let us in tro duce the follo wing notation:

� = min( k; n); 
 = min( k + 1; n):
It can b e easily sho wn b y means of pro cess (29) analysis, that the

functions (30)�(32) satisfy the follo wing partial di�eren tial equations:

@P(0; 0; t)
@t

= � [a1L1(V ) + a2L2(V )]P(0; 0; t)+

+ �P (1; 0; t) +
@W(0; 1; y; t)

@y

?
?
?

y=0
; (36)
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@P(1; 0; t)
@t

= a1L1(V )P(0; 0; t) � a1

Z V

0
G(1; 0; V � x; t )dL1(x)�

� �P (1; 0; t) � � a2

Z V

0
G(1; 0; V � x; t )dL2(x)+

+2�P (2; 0; t) +
@W(1; 1; y; t)

@y

?
?
?

y=0
; (37)

@P(k; 0; t)
@t

= a1

Z V

0
G(k � 1; 0; V � x; t )dL1(x)�

� (1 � � k;n + m )a1

Z V

0
G(k; 0; V � x; t )dL1(x) � ��P (k; 0; t)�

� a2

Z V

0
G(k; 0; V � x; t )dL2(x) + (1 � � k;n + m)
�P (k + 1; 0; t)+

+
@W(k; 1; y; t)

@y

?
?
?

y=0
; k = 2; n + m; (38)

@W(0; 1; y; t)
@t

�
@W(0; 1; y; t)

@y
+

@W(0; 1; y; t)
@y

?
?
?

y=0
=

= a2P(0; 0; t)F (V; y) � a1

Z V

0
G(0; 1; V � x; y; t)dL1(x)�

� a2

Z V

0
G(0; 1; V � x; y; t)dL2(x)+

+ �W (1; 1; y; t) +
@W(0; 2; y; z; t)

@z

?
?
?

z=0
; (39)

@W(0; k; Yk ; t)
@t

�
1
k

kX

i =1

�
@W(0; k; Yk ; t)

@yi
�

@W(0; k; Yk ; t)
@yi

?
?
?

yi =0

�
=

=
a2

k

kX

i =1

G(0; k � 1; V � x; Y i
k ; t)dxF (x; yi )+

+ �W (1; k; Yk; t) � a1

Z V

0
G(0; k; V � x; Yk ; t)dL1(x)+

+(1 � � k;r )
�

@W(0; k + 1; (Yk ; z); t)
@z

?
?
?

z=0
�

� a2

Z V

0
G(0; k; V � x; Yk ; t)dL2(x)

�
; k = 2; r ; (40)
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@W(k1; k2; Yk2 ; t)
@t

�
1
k2

k2X

i =1

"
@W(k1; k2; Yk2 ; t)

@yi
�

�
@W(k1; k2; Yk2 ; t)

@yi

?
?
?

yi =0

#

= a1

Z V

0
G(k1 � 1; k2; V � x; Yk2 ; t)dL1(x)+

+
a2

k2

k2X

i =1

Z V

0
G(k1; k2 � 1; V � x; Y i

k2
; t)dxF (x; yi )+

+(1 � � k1 ;n+ m )
�

�W (k1 + 1; k2; Yk2 ; t)�

� a1

Z V

0
G(k1; k2; V � x; Yk2 ; t)dL1(x)

�
�

� ��W (k1; k2; Yk2 ; t) + (1 � � k2 ;r )
�

@W(k1; k2 + 1; (Yk2 ; z); t)
@z

?
?
?

z=0
�

� a2

Z V

0
G(k1; k2; V � x; Yk2 ; t)dL2(x)

�
; k1 = 1; m + n; k2 = 1; r: (41)

It follo ws from equations (36)�(41), that the stationary functions

(33)�(35) satisfy the follo wing equations:

0 = � [a1L1(V) + a2L2(V)]p(0; 0) + �p (1; 0) +
@w(0; 1; y)

@y

?
?
?

y=0
; (42)

0 = a1L1(V)p(0; 0) � a1

Z V

0
g(1; 0; V � x)dL1(x) � �p (1; 0)�

� a2

Z V

0
g(1; 0; V � x)dL2(x) + 2 �p (2; 0) +

@w(1; 1; y)
@y

?
?
?

y=0
; (43)

0 = a1

Z V

0
g(k � 1; 0; V � x)dL1(x)�

� (1 � � k;n + m )a1

Z V

0
g(k; 0; V � x)dL1(x)�

� ��p (k; 0) � a2

Z V

0
g(k; 0; V � x)dL2(x)+

+(1 � � k;n + m)
�p (k + 1; 0) +
@w(k; 1; y)

@y

?
?
?

y=0
; k = 2; n + m; (44)
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�
@w(0; 1; y)

@y
+

@w(0; 1; y)
@y

?
?
?

y=0
=

= a2p(0; 0)F (V; y) � a1

Z V

0
g(0; 1; V � x; y)dL1(x)�

� a2

Z V

0
g(0; 1; V � x; y)dL2(x)+ �w (1; 1; y)+

@w(0; 2; y; z)
@z

?
?
?

z=0
; (45)

�
1
k

kX

i =1

�
@w(0; k; Yk)

@yi
�

@w(0; k; Yk)
@yi

?
?
?

yi =0

�
=

=
a2

k

kX

i =1

g(0; k � 1; V � x; Y i
k )dxF (x; yi ) + �w (1; k; y1; : : : ; yk)�

� a1

Z V

0
g(0; k; V � x; Yk)dL1(x)+

+(1 � � k;r )
�

@w(0; k + 1; (Yk ; z))
@z

?
?
?

z=0
�

� a2

Z V

0
g(0; k; V � x; Yk)dL2(x)

�
; k = 2; r ; (46)

�
1
k2

k2X

i =1

�
@w(k1; k2; Yk2)

@yi
�

@w(k1; k2; Yk2 )
@yi

?
?
?

yi =0

�
=

= a1

Z V

0
g(k1 � 1; k2; V � x; Yk2 )dL1(x)+

+
a2

k2

k2X

i =1

Z V

0
g(k1; k2 � 1; V � x; Y i

k2
)dxF (x; yi )+

+(1 � � k1 ;n+ m )
�

�w (k1 + 1; k2; Yk2)�

� a1

Z V

0
g(k1; k2; V � x; Yk2 )dL1(x)

�
�

� ��w (k1; k2; Yk2 ) + (1 � � k2 ;r )
�

@w(k1; k2 + 1; (Yk2 ; z))
@z

?
?
?

z=0
�

� a2

Z V

0
g(k1; k2; V � x; Yk2 )dL2(x)

�
; k1 = 1; m + n; k2 = 1; r: (47)
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W e also ha v e to tak e in to accoun t the follo wing b oundary condition

(1 � � k1 ;n+ m )
�w (k1 + 1; k2; Yk2 )+

+(1 � � k2 ;r )
@w(k1; k2 + 1; (Yk2 ; z))

@z

?
?
?

z=0
=

= (1 � � k1 ;n+ m )a1

Z V

0
g(k1; k2; V � x; Yk2 )dL1(x)+

+(1 � � k2 ;r )a2

Z V

0
g(k1; k2; V � x; Yk2 )dL2(x);

k1 = 1; m + n; k2 = 1; r; (48)

whic h follo ws from the fact that in the analyzed com bination admitting

to the system during some time in terv al of k customers probabilit y is

equal (in steady state) to probabilit y , that k customers complete their

service during this in terv al.

The normalization condition for the com bination has the follo wing

form:

n+ mX

k1=0

rX

k2=0

p(k1; k2) = 1 : (49)

Let us in tro duce the follo wing notation:

N (k) =

8
><

>:

(n� 1)k

k!
; k = 0; n;

nn � k
1

n!
; k = n + 1; n + m;

where � 1 = a1=(n� ) .

W e also in tro duce the follo wing functions:

H (x; y) = Pf � 2 < x; � 2 � yg =
Z x

v=0

Z 1

u= y
dF(v; u) =

= Pf � 2 < x g � Pf � 2 < x; � 2 < y g = L2(x) � F (x; y);

� y(x) =
Z y

0
H (x; u)du = L2(x)

Z y

0
[1 � B2(uj� 2 < x )]dy;

where B(uj� 2 < x ) = Pf � 2 < u j� 2 < x g.
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T aking in to accoun t the symmetry of the functions

g(k1; k2; x; y1; : : : ; yk2 ) and w(k1; k2; y1; : : : ; yk2 )

with resp ect to the v ariables y1; : : : ; yk2 (b ecause of random n um b ering

of customers in the second system), it can b e easy sho wn, that the

functions de�ned b y the relation

g(k1; k2; x; Yk2 ) = p(0; 0)N (k1)a2
k2

�
L (k1 )

1 �
�

�
i =1

k2

� yi

��
(x) (50)

satisfy equations (42)�(48). It follo ws from relation (50) that

w(k1; k2; Yk2 ) = p(0; 0)N (k1)a2
k2

�
L (k1 )

1 �
�

�
i =1

k2

� yi

��
(V) (51)

Denote as [9]

D(x) = lim
y!1

� y(x) = L2(x)
Z 1

0
[1 � B2(uj� 2 < x )]du =

=
Z x

u=0

Z 1

y=0
dF(u; y):

Then from (50), (51) w e obtain

p(k1; k2) = w(k1; k2; 1 k2 ) = p(0; 0)N (k1)a2
k2 L (k1 )

1 � D (k2)(V):

The co e�cien t p(0; 0) can b e determined from the normalization

condition (49):

p(0; 0) =

"
n+ mX

k1=0

rX

k2=0

N (k1)a2
k2 L (k1 )

1 � D (k2)(V)

#� 1

:

If w e denote the probabilit y that there are k1 customers in the �rst

queue as p1(k1) =
rP

k2=0
p(k1; k2) , the loss probabilit y for this queue ha v e

ob viously the follo wing form:

p1
L = 1 � (n� 1)� 1

n� 1X

k1=1

k1p1(k1) � � 1
� 1

 

1 �
n� 1X

k1=1

p1(k1)

!

:
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W e in tro duce the follo wing notation:

w2(k2; Yk2 ) =
m+ nX

k1=0

w(k1; k2; Yk2 ) =

= p(0; 0)
m+ nX

k1=0

N (k1)a2
k2

�
L (k1 )

1 �
�

�
i =1

k2

� yi

��
(V): (52)

The loss probabilit y for the second system can b e ob viously ob-

tained from the next equilibrium equation:

a2(1 � p2
L ) =

rX

k2=1

@w2(k2; (1 k2 � 1; z))
@z

?
?
?

z=0
: (53)

Then from (53), (54) and from the fact that

@� z (x)
@z

?
?
?

z=0
= L2(x) w e

�nally obtain the loss probabilit y for the second system in the follo wing

form:

p2
L = 1 � p(0; 0)

r � 1X

k2=0

m+ nX

k1=0

N (k1)a2
k2L (k1 )

1 � D (k2 ) � L2(V):

It is clear that w e can alw a ys analyze other t yp es of queueing sys-

tems with non-homogeneous customers connected via common mem-

ory space.
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